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Abstract 

We define objects made of marked complex disks connected by metric line 
segments and construct nonsymmetric and symmetric moduli spaces of these 
objects. This allows choices of coherent perturbations over the correspond- 
ing versions of the Floer trajectories proposed by Cornea and Lalonde ( ilCLI ). 
These perturbations are intended to lead to an alternative description of the 
(obstructed) Aqo -structures studied by Fukaya, Oh, Ohta and Ono ( |F0002| , 
BEQpOj). 

Given a Pm± monotone lagrangian submanifold L C (M, cu) with minimal 
Maslov number Nl > 2, we define an Aoo-algebra (resp. differential graded 
algebra) structure from the critical points of a generic Morse function on L. 
It is written as a cochatn (resp. chain) complex extending the pearl complex 
introduced by Oh ([Oh]) and further explicited by Biran and Cornea ( [BCl ), 
equipped with its quantum product. We verify that the construction is homo- 
topy invariant, defining a functor from a homotopy category of Pm± mono- 
tone lagrangian submanifolds hiL"^°"^°'^(M., cu) to the homotopy category of 
cochain (resp. chain) complexes hK(A-mod) where A is a Novikov ring with 
coefficients in Z. 
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INTRODUCTION 



Background 

One of the basic results of differential topology is the computation of the 
(singular) cohomology H*(L,Z) of a manifold L, say compact and without 
boundary, by looking at a smooth function defined on it. We very briefly recall 
this construction, called Morse cohomology, using notations that will be used 
in the main text. 

One first sets a Morse-Smale pair (f, g), that is, 

• f : L ^ M is smooth with nondegenerate hessian over the critical locus 
(the critical points), 

• g is a smooth metric on L such that the negative gradient flow of f with 
respect to g has transverse stable and unstable manifolds. 

This Morse-Smale condition is in fact generically satisfied, meaning that one 
can pick f and g in a countable intersection of open dense subsets. 
Now let 

C*(L,f,g) =crit(f)(8)Z 

be the free Z-module over the set of critical points of f. For x e crit(f ), denote 
by |j.[x) = [i^[x) the number of positive eigenvalues of the hessian matrix of f 
at X, and pick an orientation Ox of the stable manifold Wx(f] of the negative 
gradient flow of (f, g) to x. 

One then looks for maps u : M — > L with u(— oo) = ij,u(oo) = x G crit(f] 
satisfying the negative gradient flow equation du(— ^(t)) = — Vgf ou(t), that 
is, u is a negative gradient flow line from x to y . Set the index of such a gradient 
trajectory to be |j.(u) = — |j.(x] (= |x| — \y\, where |x| = n — |J."^(x) is the usual 
(homological) Morse index). 

Then one defines the Morse differential 6 = 6 ( L, f , g ] : C* ( L, f , g ) ^ C* ( L, f , g ] 

as 

6(x]= Y. <0u#0x,0y>y 

y€CTit(f) 

y■M=\l(.y)-[s.{x)=^ 

where Ou#Ox is the orientation on Wy (f ) induced by 0% plus the choice of the 
orientation +^ over u and < _,_ >= 1 (resp. —1) if the entries coincide (resp. 

are opposite). 

Theorem. For 5 as defined above, we have 6 o 6 = 0. 
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The proof is based on the fact that 5 o 6(x) counts exactly the (oriented) 
boundary components of the 1 -parameter families (i.e. of index 2) of negative 
gradient trajectories of f starting from x. Moreover, 

Theorem. For 6 as defined above, we have H*(C*(L,f, g],6(L,f, g]) = H*(L,Z). 

It has been noticed (see |Fu[) that under this isomorphism, the singular 
cohomology cup product and its higher order Massey products correspond to 
counting trajectories u made of trees of gradient flow lines between critical 
points of a collection of (mutually) Morse-Smale pairs. The right source spaces 
for u are then planar trees in which every interior edge is given a length. These 
planar metric trees are well known to form a polytopal moduli identifiable to 
Stasheff associahedra ( ||Sta | | ) (see figure [OT]). 




These Morse theoretical constructions can be seen as a special case of what 
is called lagrangian intersection Floer theory: To every Morse function f on 
the n-dimensional manifold L one can associate the graph Lf of its associ- 
ated 1-form df in T*L. It is easy to see that Lf is a lagrangian submanifold 
of (T*L, uJst] (i.e. it is n-dimensional and Wst vanishes on it). We also iden- 
tify L with the 0-section in T*L. Then the points of Lf H L correspond to critical 
points of f and Floer (fFj) defined, as in the Morse case, a cochatn complex 
(CF*(Lf,L),5^^(Lf,L)) by counting pseudoholomorphic strip trajectories, one 
side of the strip being mapped to Lf, the other to L and the ends converging to 
some points of Lf f] L. By pseudoholomorphic map to a symplectic manifold 
(M,cu] we will mean the following: For a cu-tamed almost complex structure 
J :TM ^ TM, that is = —Id and uj(v, Jv) > whenever v 7^ 0, a map u : (I,j) ^ 
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(MJ) from a complex surface is said to be (J-)pseudoholomorphic, or 
simply ( J-)holomorphic, if du o j = J o du. 

Floer showed that the cohomology HF*(Lf,L) = H*(CF*(Lf,L),5CF(Lf,L)) is 
again H* (L, Z), the moduli of gradient trajectories corresponding to those made 
of Floer pseudoholomorphic trajectories, then proving (partially) a celebrated 
conjecture of Arnold. 
Theorem. HF*(Lf,L) = H*(L,Z). 

Fukaya and Oh ( |FO| ) extended this correspondence, gradient tree trajec- 
tories then corresponding to pseudoholomorphic polygons with boundary in 
lagrangian graphs (see figure lO^ . 

. _ rp^-^ 




Fig. 0.2. Morse and Floer product trajectories 

Thus, in T*L, Morse cohomology of L corresponds to counting pseudoholo- 
morphic strips between intersection points of two lagrangian sections, and tak- 
ing products corresponds to counting pseudoholomorphic polygons between 
intersection points of many lagrangian sections. We point out that source 
spaces for these polygonal Floer trajectories are complex disks with boundary 
punctures (or markings), again known to form a moduli identifiable to Stasheff 
associahedra (see figure |03 or IIMWII ). 

Generalizing this construction to a more general symplectic manifold (M, uj) 
leads to the definition of what is called a Fukaya category ^ (M, cu) of (M, tu). 
Its objects are made of lagrangian submanifolds of a certain class, its mor- 
phisms are intersection points between them and composition of morphisms is 
again given by counting pseudoholomorphic polygons connecting intersection 
points. Fukaya categories have attracted much attention in the recent years 
due, in part, to the homological mirror symmetry conjecture made by Kontse- 
vich ( IIKSII ) motivated by high energy physics theories. 

A main difference between this more general situation and the cotangent 
one is the possible presence of new "quantum" trajectories, having no Morse 
theory counterparts. For a fixed lagrangian submanifold L, we can recover this 
information in the Morse setting by adding pseudoholomorphic disks (with 
boundary on L) to the gradient trajectories (see figure I0.4|) , as introduced by 
Oh ([Oh]). Under rather strong restrictions on L (i.e. L will be said to be 
monotone), Morse cohomology trajectories are then replaced by the so-called 
pearl trajectories made of linear gradient trees in which the interior vertices 
are replaced by pseudoholomorphic disks. These trajectories and the associ- 
ated binary quantum products on this pearl complex have been studied by 
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Xq Xq Xo 



Fig. 0.3. Stasheff associahedron K4 as complex marked disks 

Biran and Cornea ( IIBCII ), where two incident gradient lines might now meet 
on the boundary of a pseudoholomorphic disk (see figure |0!4)) . 




Fig. 0.4. A pearl trajectory and an associated quantum product trajectory 

These quantum product configurations tend to be easier to compute than 
their equivalent pseudoholomorphic triangles bounded by perturbations of L 
or their hamiltonian variants described by Seidel ([SeiJ). Their study have 
led to a new definition of relative enumerative invariants (see LBCI ) and have 
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found other important applications. The extension to higher order products 
is therefore an interesting problem. This would result in a new geometric 
description of the part of the Fukaya category associated with L, that is, the 
morphisms from L to itself. Algebraically, this can be viewed either as an Aqq- 
algebra or, from a dual point of view, as a differential graded algebra (DGA) 
associated with a monotone L. 

Further generalizing the above "trees with disks" quantum product con- 
figurations should extend the construction to a (almost) general bounding la- 
grangian (generating an obstructed Aqo -algebra or DGA). Such an approach 
was proposed by Cornea and Lalonde (|CL|1): cluster (co)homology. More gen- 
erally, it was claimed that the obstruction to the composition of morphisms 
between lagrangians of the Fukaya category could be encoded by these cluster 
product configurations on each of the bounding lagrangians. However, an- 
alytically, pseudoholomorphic trajectories with general bounding lagrangian 
are much more delicate to deal with than those in the former monotone case: 
One needs to use perturbations of the defining equation of these trajectories. 

Strategy 

After the works of Gromov ([Gl) and Floer (EI), pseudoholomorphic maps 
have become a very widely used tool in the study of symplectic manifolds. 
When considering spaces of pseudoholomorphic maps with lagrangian bound- 
ary conditions, we expect to find codimension one strata corresponding to 
nodal maps, commonly referred as (relative) bubbling, whose smooth com- 
ponents are of arbitrary index. Furthermore, it is known that in general, the 
regularity of the spaces of these maps depends upon the ability to manage 
perturbations of their defining Cauchy-Riemann equation. 

Regarding the codimension one relative bubbling. Cornea and Lalonde 
( IICLII ) proposed a geometrical way of encoding pseudoholomorphic disk bub- 
bling of arbitrary index using the flow lines of Morse functions on the bound- 
ing lagrangians. This can be seen as extending the pearl complex construction 
of Oh ([OhJ) later studied by Biran and Cornea ([BCJ) and should lead to a 
geometric (non-hamiltonian) description of the obstructed Fukaya category of 
(M, uj). In this setting, adding a flow line of a Morse-Smale pair (f : L ^ M, g) 
connecting the boundaries of the disks generates a family of pseudoholomor- 
phic maps complementary to the usual glued family of pseudoholomorphic 
disks (see figure |075|). 



One way to deal with the associated perturbation problem is given by 
Cieliebak and Mohnke ([CMJ), using Donaldson's ([Dj) construction of sym- 
plectic hypersurfaces Z that are Poincare dual to D [cu] e H^(M, Z), for an inte- 
ger D ^ 1 . Since holomorphic curves must have a certain minimal cu-area, or 




-i 
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X 



Fig. 0.5. 
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energy, they all must intersect Z several times. Then, they choose coherent per- 
turbation data over moduli spaces of marked source spaces (i.e. marked Rie- 
mann surfaces) and then, given a map u : 1 ^ M, use the perturbed Cauchy- 
Riemann equation associated with (l,u^^ fl^^))- Iri the more restrictive 
setting that allows this construction to be performed, it is a geometric alterna- 
tive to the use of the polyfold theory of Hofer, Wysocki and Zehnder ([HWZ]) 
being considered in the cluster setting by Li and Wehrheim ([LWJ), or to the 
framework of Kuranishi structures used by Fukaya, Oh, Ohta and Ono ( IFOOOfl ). 

The aim of this work is to present the first steps towards an adaptation 
of the Cieliebak-Mohnke method to manage perturbations over symmetric 
and nonsymmetric versions of the cluster pseudoholomorphic trajectories of 
Cornea-Lalonde. As shown by Auroux, Gayet and Mohsen ([AGMJ), there are 
symplectic hypersurfaces in the complement of a given lagrangian submani- 
fold. Therefore, we describe appropriate moduli of marked source objects built 
from a moduli of marked disks, called marked clusters, over which we will 
choose coherent perturbation data. In fact, these spaces will be isomorphic to 
spaces of disks with both boundary and interior markings, making them gen- 
eralizations of Stasheff associahedra ( jStaj ) seen as spaces of disks with only 
boundary markings (as in [MWJ, for example). We note that such an approach 
has been considered independently by Sheridan (| Shel| , |She2 |) to study ho- 
mological mirror symmetry for Calabi-Yau hypersurfaces in projective spaces 
of dimension greater than four. 

In the case when a monotone lagrangian submanifold L C (M, cu) with min- 
imal Maslov number N[_ > 2 bounds the cluster trajectories, using a constant 
almost complex structure J G j?(M., cu) in the Cauchy-Riemann equation over 
the disks is possible so that no symplectic hypersurface is needed. Therefore, a 
(source) perturbation datum P of the Morse-Smale pair (f , g) will be enough to 
achieve regularity. This will be shown using structural results for pseudoholo- 
morphic disks of Lazzarini ([Lj) and ideas of Biran and Cornea ([BCJ). In the 
nonsymmetric (and symmetric) case, this results in the definition of a cluster 
cochain (or chain) complex 

(a® (M, o), L J, P, f, g), 5®(M, o), L, J, P,f , g)). The configurations counted by the 
differential of this cluster complex could be thought of as geometric limits of 
the relative hamiltonian orbit products described in [SeiJ. They again generate 
an Aoo-algebra that sits in the Fukaya category of (M, cu) as the compositions 
of the morphisms from L to itself, or as a DGA encoding the same information. 

Furthermore, the functoriality of the construction will be verified in the 
nonsymmetric case, using moduli spaces of objects called quilted clusters, built 
from spaces of quilted disks being slight generalizations of those described by 
Ma'u and Woodward ( IMWB ) as realizing Stasheff multiplihedra. 



Overview 

Since the main part of the present document is of rather technical nature, 
we first give an outline of its content, trying to emphasize on its differences 
and similarities with previous works. 
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Essentially, a cluster C will be a tree with marked complex disks as vertices 
and boundary connecting metric segments as edges. A cluster Floer trajectory 
will be a map u : (C,9C) (M, L] being pseudoholomorphic over the disks 
and satisfying gradient equations over the lines, 9C being the complement of 
the interior of the disks. In a family of Floer trajectories, when two incidence 
points of gradient segments tend to the same incidence point on the boundary 
of a pseudoholomorphic disk (a phenomenon being of codimension one in the 
source moduli, and thus in the space of Floer trajectories), one wants to pursue 
this family to avoid having the latter singular configuration as a boundary 
point in the space of Floer trajectories. 

As proposed by Cornea and Lalonde (ICLJ), to make the above singular tra- 
jectory an interior point in the space of Floer trajectories, one might consider 
a new Floer family in which the order of the nearby incidence points (on the 
boundary of the incidence disk) has been switched (see figure lO^ . Otherwise, 
one might add a new gradient segment connecting the incidence disk and the 
point where the two incoming lines meet (see figure 10. 6|) , as it is done, for ex- 
ample, for Morse Aqo products (||Fu||) or to define the quantum product on the 
pearl complex ( |Oh| , IBCfl ). The latter will be referred to as the nonsymmetric, 
or (g), case while the former will be called the symmetric, or •, case. 




Fig. 0.6. Above: A • -cluster Floer family Below: A ^-cluster 
Floer family 

The (nonsymmetric) case 

In the (g) case, in which there will not be switches on the planar structure 
of the clusters, the space of stable ^-clusters C^f-^^ will be built by extending 
the spaces of stable disks with ordered boundary markings, plus some interior 
markings. 
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Source spaces. First, we look at the spaces of stable complex disks with £ + 1 
counterclockwise ordered boundary markings and k interior markings. These 
allow compactifications K^^j^ having the structure of real £ — 2 + 2k dimensional 
orientable manifolds with embedded comers. One could see these as gener- 
alizations of the Stasheff associahedra ( llStall ): The spaces K^^o is a well-known 
realization of the Stasheff associahedral polytopes. A ra-comer of )^ is of 
the form Kj(i) x . . . x Kf(Tn+i) ]^(m+i) G Cra(Kc^]^) and corresponds to a family 
of nodal disks with ra real nodes, the structure on every smooth component 
varying independently. 

Given a pair of disks (D^^'jD'^^) g K^(i) x K^(2) ,^(2) G Ci (Kf^j^) related by 
a node, we add a complementary family of objects made of the same disks, 
but in which the nodal point is replaced with a line of length A G IR+. Letting 
vary, this procedure corresponds, on the disk moduli, to adding a 
collar neighborhood on the corresponding 1 -corner K£(i ) ) x K^d) ]^(2) G Ci (K^^jc) 
The resulting space can be considered as being a manifold with embedded cor- 
ners isomorphic to K^^i^, so we can iterate this procedure over Ci (Kf^ic) (see fig- 
ure 10. 7|) . Denote by Cif-^^ the result, the space of stable ^-clusters (although 
in fact, we will define C^f^^ combinatorially and show that it can be given the 
same structure as K^^i^). 




Fig. 0.7. Adding lines between disks near a 2-comer of K^^i^ 



Lemma. The space of stable (^-clusters Clf^ is an orientable manifold with embedded 
corners isomorphic to K^^j^. 
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We emphasize that families of ^-clusters do not behave like those in | |CL| : 
The above (8)-cluster families carry an ordering on the boundary markings rem- 
inescent of the one over the disks of Kf^j^ (see figure lO^. 

To each point of C G Cif-^^, we associate a metric tree C (the interior edges 
having a length in IR+) in which the vertices are replaced with stable marked 
complex disks using the definition of Clf^^- Also, lines of infinite length will be 
replaced by broken lines (see figure lO^ . The resulting object will be referred 
to as a cluster. 




Fig. 0.8. 



Remark. We note that besides being source spaces for ^-cluster complexes, the 0- 
clusters are also the right source spaces for the more general lagrangian intersection 
fine Floer homology proposed in [CLJ. 

Perturbations. Since the ghost disks (those having no interior markings) 
will be mapped to points when considering spaces of Floer trajectories, using 
a single function f over every line segment may result in degeneracies of the 
defining equation above these disks (see |CL| ). We therefore want to choose 
coherent systems of perturbation of f over the connecting lines of the clusters 
and combine them with perturbations of an almost complex structure J over 
the disks, like those of [CM J. Another solution to the ghost degeneracy prob- 
lem would be to use different Morse functions over segments that might touch, 
as it is done in [FuJ or [BCJ. However, this strategy fits in the algebraic frame- 
work of pre-Aoo algebras (see f KS | | ), so we might prefer to use the C^f-^^ spaces 
to allow the generation of genuine Aqq algebras or differential graded algebras 
(asinEEl). 
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To ensure that the perturbed trajectories will break on critical points of f, 
we specify a coherent system of neighborhoods of the endpoints (root, leaves 
and breakings) where only f will be chosen (a similar strategy has been used 
in previous works, for example, ||W1[ and |Sei| V 

Orientations. To manage orientations over spaces of trajectories from clus- 
ters, we proceed as Welschinger ( iWl| ,|W2 | ). For maps u^^' : C'^' G Ci^n) ^n) 
(M, L), i = 1 ,2, satisfying pseudoholomorphic and gradient equations, we can 
associate a linear Fredholm operator DQ^d). Observe that if Ind(D9^(t)) = 
— — 2 + 2kf^'), then it is possible to show that for generic perturbation data 
Ker(D9^(i)) = {0} and Coker(D9^(i)) = \ii)af^,-^ ^^,y Thus, the orientation 
problem for the differential 5® will amount to a comparison of a product ref- 
erence orientation O^® , ^(j, ^^f(2) ^(z) on a 1 -comer of Ctf-^^ (the source spaces 
of 6*^ o 6®) and the orientation induced on it by a reference orientation O®-^ on 
(T^f^ (the source spaces of the glued Floer family). 

Lemma. Let ^t''' > 1, f'^^ > and kt'i^kf^) > such that (£(2)^t^(2)) ^ ^q^q). Then 
letl + ] £(2)^ i^ = k(i)+k(2), Cti' G aJ^D^d), Ct^' e af^2) ^(2) smooth and 

define C = C'^^ [J C'^Y^n) ^(2), that is, C is the concatenation ofC^^^ and C^^' on the 

j^^ leafofC^^\ Then 




Remark. The resulting signs in the differential 5® will agree with those of Getzler 
and Jones ([|GJ|, [KS] ), which are widely used. 

Cochain complexes. We now resrict the ambient ((M, uj),L) setting to the 

case of a Gin. (I^) (so it is not necessarily orientable) monotone lagrangian L in 
the sense of IBQ so we can use uniform J over the disks and forget about the 
interior markings. The use of the most general perturbation setting is deferred 
to a different paper. 

We observe that regularity is obtained by standard arguments over strata 
of simple Floer trajectories ([MSJ). In the above setting, using decomposition 
results of Lazzarini ([LJ), we achieve regularity in chapter |4] as in [BCJ by per- 
forming a reduction procedure on nonsimple trajectories, making them simple 
but with index dropped by at least 2 and therefore nongeneric. 

Regarding the Morse-Smale functions, we choose f, the function that will 
be perturbed, and (possibly) a generic collection (fo,...,fc) that will not be 
perturbed. The considered cluster trajectories will go from a properly ordered 
collection of critical points of f and of the "^ii ' 3i < 32 to a contracted collec- 
tion following the same contraction pattern as in ||Fu|[: For every disk, the sum 
(with f counting as 0) of the incident line functions' equals the outgoing line 
function's (see figure 12. 1[) . Forgetting the perturbed trajectories (those with f 
over some lines) would result in the quantized Morse products ([Fu||,|BC]) of 
order up to c. This would result in the pre-Aoo algebraic setting introduced 
by Kontsevich and Soibelman (see ||KS | | ). If using only f, the considered prod- 
uct trajectories are reminescent of the ones defining the Aqo algebra associated 
with L as described by Seidel ( llSeill ) using a fixed hamiltonian perturbation 
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over the strip-like ends instead of a fixed function over linear ends. The two 
are expected to coincide through a PSS (see |PSS| ) type comparison morphism 
(see [CLJ). 

Using the source setting above, we define complexes in a form similar to 
the usual bar complex of an Aqo algebra (see |GJ[ ). In fact, it can be seen as 
a bar complex viewed on the unsuspended algebra (see ||Kl) over a Novikov 
ring A. The codifferential then has the form 

5« = 6®(M,a)J,L,P,f,fo,...,fc,g)=}^ Y_ ^^i-^^'^-'^'+^^-'hd^-' ®mi(^ld^- 

q>11<j<q f>l 

where mi counts rigid (i.e. of index 2 — £) Floer trajectories having £ inputs and 
1 output with orientation Of'^, as explained above. In this notation, the signs, 
coming for the combinatorial structure of Kf^i^/ are independent of the source 
and target critical points (but when applied to a collection of critical points, 
additional signs appear according to the usual Koszul sign rule f (g) g(xi (8)X2) = 
(—1 )^^(9)H(''l )f (xi ] ® g(x2)). From the above considerations, we get that 
Theorem. For 6® defined as above, we have 5"^ o 6® = so that ((T^®, 6®) is a cochain 
complex. 

Notice that the classical Morse products trajectories (£ > 2, k = so that 
every disk is ghost) are part of this differential, unlike the differential of |CL| . 
Having 6® o 6® = is equivalent to the fact that the form a Aoo algebra (fKl). 
It is known that, unlike in the latter symmetric case, the resulting cohomology 
groups will be trivial. Moreover, to recover the differential graded algebra set- 
ting of ||CL[ , one has to reverse the differential trajectories, take the suspension 
and complete the generator set. 

Source setting for morphisms. The next step is to see that the construction 
is homotopy invariant, that is, a hamiltonian isotopy of monotone lagrangians 
and a homotopy of the intermediate data give rise to a complex (iso)morphism. 
It is known that quilted disks, that is, complex marked disks together with an 
inner circle tangent to the boundary at the root marking (the seam) (see figure 
13. 1|) , are appropriate source spaces for morphisms in lagrangian intersection 
Floer theory (see [MWL BWTI ). 

Starting from the moduli spaces of quilted marked disks Q£,k/ we define 
moduli spaces of quilted clusters QjOif-^ as in the non-quilted case, adding 
collar components. For k = 0, this amounts to enlarge Stasheff multiplihedra, 
seen as a space of quilted disks, while for higher k, one works with proper 
real loci of the complexification of the multiplihedra introduced by Ma'u and 
Woodward ([MWJ). However, in every case, these spaces are toric singular 
manifolds with embedded comers so the collar procedure is more delicate. 
Lemma. The space of stable quilted ^-clusters ClCif-^ is an orientable toric singular 
manifold with embedded corners isomorphic to 

Families in Cipif^^ behave much like in the non-quilted case, generating 
isolated ghost disks when incident lines collide. However, some disks will 
contain the seam of the quilt and thus there will be two types of codimen- 
sion one boundary components, as in the case of Stasheff multiplihedra (see 
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|MW| ), depending on whether the breaking happens over the quilted compo- 
nents, resulting in a (ZCt®^-^^ ^(^j x Cl®^2] ^(i) 1 -comer, or breakings happen un- 
der the quilted components, resulting in a C^®^ x ClC^f^i , , x . . . x Q,(r^^q) ^^(q) 
1 -corner (see figure |3J]) . 

The quilted ^-clusters will play the same role as the quilted disks in Floer 

theory: Given complexes ( a® ( M, o) , L^^' , J , P , f t^' , f J'' , . . . , f['\ g ) , 

8®(M,cu,lW jW,pW,fW,fJ'',.--,f?',g''^))/ i = 0,1 and a homotopy between 
their construction parameters, we interpolate the (0) and (1) data over the 
seamed disks of the quilted clusters, use the (1 ) data above the seamed disks 
and the (0) data below. This allows to define morphism H as 

where h^a) counts quilted Floer trajectories of index 1 — £'^^. The sign again 
comes from the combinatorial structure of the source moduli (ZC^f\!_ = Q£,k- 
Proposition. H is a cochain map from [[Ci'^)^'^\ (5*^)'^^) to 
((a®)f°\(5®)(°^). Thatis,wehave\\o[b®i^^ = (5®)(°^oH. 
Remark. It is worth mentioning that besides being source spaces for morphisms be- 
tween the ^-cluster complexes themselves, the quilted i^-clusters are also expected to 
be the right source spaces for other comparison morphisms like PSS morphisms (LPSSJ) 
or morphisms oflagrangian intersection fine Floer complexes ( ICLj ). 

Then, we show that homotopic interpolations between the (0) and (1 ] data 
give rise to homotopic cochain maps. The source moduli [0,1] x (ZC^f-^^ are 
enough for this need. We define a cochain homotopy K on elements of cardi- 
nality Y-i^] — ^ ' having the form 

q>1 q' p=1 te[0,l] 

Proposition. For K, defined as above, is a cochain homotopy between H^^' and H'°^. 
That is, we have ^ - H(°' = K o (5® ) ^ + (5® ) (O) „ k. 

To complete the proof of the functoriality property of the (S)-cluster con- 
struction, we will use quilted clusters with two seams built from the corre- 
sponding spaces of disks ( [MWW| ): 

Proposition. For H'^' a cochain map between [[Ci®]^'^'^'^\ (5®)'^+^^) and 
{[Ci®]'^^\ (6®)'^^), 1 = 0, 1, defined as above , and h'^^°''^^ a cochain map between 
((a®)^^\(6®)f2^) and ((a®)^°^ (6®)^°^) built from the concatenation of their per- 
turbation homotopies. Then H^^' o h'^^ and H^^'°f°' are homotopic. 

Now write A-mod for the (abelian) category of A-modules, K(A-mod) for 
the category of cochain complexes over A-mod and hK( A-mod) for the (trian- 
gulated) homotopy category of the latter. The above arguments resume to 
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Theorem. 

hi:"^°^°'±(M,a)) — hK[A-mod) 

(LJ,P,f,g) I ^ (a®(M,a),LJ,P,f,g),6«(M,cu,LJ,P,f,g)) 



± 



is a contravariant functor. 

Here, h,iL"^°"^°'^(M, cu) is a homotopy category of monotone Gln(M) (or, 
equivalently, Pin-i-) lagrangian submanifolds of (M, cu) where the morphisms 
are built from hamiltonian isotopies and interpolations of the perturbation 
data. 

The • (symmetric) case 

Source setting. Instead of being constructed from disks with I + 1 ordered 
boundary markings, the symmetric w-cluster moduli are constructed from a 
moduli of disks with varying order on their boundary markings. We look for 
these disks in the locus of real marked spheres having I + 1 real markings and 
k pairs of complex conjugate markings partially studied by Ceyhan (|Cey|). 

Let !Mi^]c be the Deligne-Mumford-Rnudsen space of stable complex genus 
zero Riemann surfaces with £+ 1 +2k markings denoted by {xj}o<j<£ and {zh}i <h<2k- 
It has the structure of a compact complex [1 — 2 + 2k) -manifold and has an an- 
tiholomorphic involution cr^^ic defined as the composition of the natural com- 
plex conjugation with the transpositions (zhZh+ic)/ 1 < H < k. The real locus 
MfMf.ic = fix(CTf^ic) is then a smooth real (£ — 2 + 2k] -manifold, corresponding to 
curves with real Xj's and complex conjugate pairs (zh.,Zh.+k) (see ||Cey[). 



We next restrict to Ira(i) C MlW^^ic, the real spheres where {zi , . . . ,zic} lie in 
the same hemisphere that will be considered as a disk with £ + 1 real markings 
and k interior markings. It will be seen as I! copies of K^^ic attached together 
on strata having ghost components, where the ordering of the real markings 
switch. The main point is that, in general, Ira(L) is singular precisely over the 
strata having at least one internal ghost sphere. For example, a neighborhood 
of the singular locus in the case £ = 0, k = 2 is displayed in figure 10.91 Next we 
give a local description of Ira(L] c MfM^^k near any point S G Ira(L) lying in a 
codimension ra open stratum & C ]RfMf^i<. 

We can choose normal coordinates (ni , . . . jrira) to (3 at S corresponding to 
m real gluing parameters, one for each real node of S (see IIMWI , IILiul , IIMSi ). 
Then one can orient the rii coordinates so that 

Lemma. In the (rLT,...,nra) normal coordinates to & at S, Ira(L) — G -M^, where 
G = Yl ^/2Z and the d factor generator acts by changing the signs of the coordi- 

d ghost 

nates corresponding to the nodes on d. 

These singularities would not be problematic if we were to consider only 
disks, but will certainly be when adding the collar components corresponding 
to connecting metric segments as in the (8) case (see figure |5^ . However, the 
above lemma ensures that we can perform blowups over the singular strata 
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Fig. 0.9. Singularity in Im(L) c ROKq^z 



and get a manifold with embedded comers (MWEC). We proceed in three steps 
to construct an appropriate space of disks: 

(1) Attach the K^^i^ tiles along the 1 -corners corresponding to transpositions 
of two real markings. The resulting space, ^, is an orientable MWEC. 

(2) Iteratively identify and blow up K.\ ^ along its 2-corners corresponding 
to nodal spheres having one interior ghost component with one real 
marking separating two non-ghost components. The resulting space, 
Kp,^, is again an orientable MWEC. 

(3) Iteratively identify and blow up Kp,^ along its 3-corners corresponding 
to three non-ghost disks related by a ghost disk with only three nodes. 
Call the resulting K* ^. 

Lemma. K*,^ is an orientable smooth MWEC with every ^ -corner having no ghost 
disks associated being isomorphic to a K* ^ , , x K'^, product where \ k'^^ > 1 

and^'^^^+^^^^-^ 

The above blowup procedure produces exceptional stata where the struc- 
ture of the disks will not vary along the fibers. This will not cause degeneracy 
problems later as we will be allowed to choose nonconstant perturbation data 
along these fibers. 

Now we add up connecting metric lines exactly as in the case: Cl*-^ is 
defined by an iterative collar enlargement procedure of K*,^. 
Lemma. C^l ^ is an orientable smooth MWEC isomorphic to K* ^. 

The families of clusters of Ci} ^ behave as those in [CL[ , containing switches 
of the planar order over pairs of segments meeting the boundary of a trivalent 
ghost disk. We do not perform this switch over more than trivalent ghosts 
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disks because they will later appear in codimension at least two by choosing 
perturbations not depending on the moduli over these disks. 

Orientations. Next we will, as in the (8) case, compare a product reference 
orientation on a cluster C with one breaking with that induced by the reference 
orientation of its glued family 

The resulting formula will be 

where a and Pmin will depend on the boundary order of the leaves of C. 

The resulting signs in the differential 5* will agree with those appearing in 
the literature (see ||Cho | | ). 



Chapter 1 



MODULI OF 0-CLUSTERS 



We first describe the source spaces that will be used to define the cochain com- 
plex. They are planar trees of complex marked disks connected by metric lines 
and are chosen to form a moduli where the planar structure cannot vary. These 
sources can be seen as generalizations of the sources used in ||Fu|[, | |Fu2 || , |Oh| 
and IBO . 



1.1. Moduli of marked disks 

Let Kf^ic be the moduli space of stable complex disks with k > distinct 
marked interior points zi , Z2, . . . , Zj^ and £ + 1 > 1 distinct ordered marked points 
xq < xi < • • • < X£ on its boundary, which is chosen to be positively oriented 
with respect to the complex orientation (i.e. the outward normal times the 
latter equals the complex orientation). This space allows a Deligne-Mumford- 
Knudsen type compactification K^^]^ which admits an orientable 
(£ — 2 + 2k] -dimensional manifold with embedded comer structure via cross- 
ratio coordinates (see figure 11.11 IIMSI and for a more general setting IILiull ). 
Therefore, Kf^]^ is a manifold with comers in the sense of ||M||, but we follow 
the conventions of fjl- 

Denote by Uf 1^ 1^ the so-called universal curve so that n-\D] IS a 
smooth (resp. nodal) marked disk representing D for every D e K{ 1^ (resp. 
DGK£,AKc,k)- 

We emphasize that every 1 -corner is the moduli of two smooth marked 
disks intersecting on a boundary nodal point, so it is canonically isomorphic 
to a product Kf(i)^,^(i) xK^tai^^ui with k'^' +k(21 = k and £(^^ +£^2^ - 1 =£. 

As usual, it is convenient to encode the combinatorial type of a marked 
nodal disk in a tree T having one vertex for each smooth component and one 
edge for each special point. The set of such trees has a natural partial order 
relation given by T'^' < T^^' if T'^^ is obtained from T^^' by contracting some 
of its interior edges. Also, it will be useful to see the smooth marked disks as 
marked complex upper half -planes with the point at infinity corresponding to 

Xq. 

Definition 1.1.1. Let X*+ (T) = {£^^^(7) ^ The elements ofX^+ (T) are called 
labelings ofT with values in R^. 
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FIG. 1.1. K2,i 



If T^^' < T'^^, a labeling X^^' on T*^' determines one on denoted })yX^%(^), 
by simply taking X^^Mjn){l) = X'^^^l). 

We will use the comer charts given in the following form (see [|MW[ , ||Liu | | , 
BMSl): 

Proposition 1.1.2. Let K^^j^ j c K^^ic be the strata of the marked disks having combina- 
torial type T. Then, there is an isomorphism \\)jfrom a neighborhood o/Kf^i^j x {0} — 
K£,k,T X X°(T) in KixJ x X*+(T) to a neighborhood yiKi^j] o/Kf,k,T in K^^^- 
Without losing generality, one can assume there is < e < 1 such that 

Ke,,cj X X[0'^[(T) ^ v(KE,kj) 

is an isomorphism. 

Note that since K^^ic is a manifold with embedded corners, these charts 
could be extended to K£^i^^>t, that is, to the closure of K£^i^j. For T"^'^" being 
maximal, the map \|jjmQx can be made explicit in terms of simple ratio (or cross 
ratio) coordinates and the above restriction of labelings allows to construct t|)t 
for smaller trees (see proposition 6.2 and corollary 6.5 of [MW| ). 

Following [ MW| , we can make the charts '^j explicit in terms of simple 
ratios. Let T"^*^" be a maximal planar tree, corresponding to a marked nodal 
disk Djm^ix with every smooth component being either a disk with 3 bound- 
ary markings and no interior markings or a disk with one boundary marking 
and one interior marking. The planarity of T"^*^" makes the set of markings 
{xi , . . . ,X£,zt , . . . ,zi^} into an ordered set {y i , . . . ^yi+k}. To every trivalent vertex 
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a;o = 00 



c 



Z2 Xl X2 X3Z1 X4 



^1,2 



Fig. 1.2. Construction of a marked disk from a labeling X G X*+ (T"^'''') 

V of T^'^'' we associate a marking yy. It can be seen as the uppermost inter- 
section point of a simple path from yj to the root and a simple path from yj+i 
to the root. Then take Av = — ijj+i. To every bivalent vertex v of T"^'^" we 
associate the marking lying just above it and then set = lm[zh). Now on 
an interior edge I G ^{1^°^^) with top vertex Vq and bottom vertex v\,, we will 

consider the label X(l) = ^ (see figure [L2]). 



D h 



X(l) 



This will make the nodes correspond to zero labels on the corresponding 
edge of T. When there is no interior markings, \|jjmQx corresponds to the sim- 
ple ratio charts of [ MW| , taking real positive values. In general, the resulting 
labelings are complex, but still can be identified with real positive labelings. 
For example, in a sufficiently small neighborhood ^(K^^icjrriax) of K^^i^jmax, one 
can extract the real part of every label as in figure II 2[ We emphasize that 
when k > 1 , in any maximally degenerate disk, each interior marking zh lies in 
a component with only one node and no other marking, so in the correspond- 
ing maximal tree it contributes as a bivalent vertex in the boundary of the edge 
associated with z^. The label on the edge below that vextex is then seen as the 
imaginary part Ira(zh.) of (see figure [L2|). 

Remark 1.1.3. It might be convenient to see the spaces of discs as lying inside the 
spaces MfWf^k of spheres with i + 1 real and k pairs of complex conjugate markings. 
We recall the construction of these spaces that appear in [Ceyp . 

Let iW£+i+2k &s space of complex spheres with £ + 1 +2k markings denoted 
by {xj}o<j<£ and {zH}i<h<2k- H his the structure of a complex [t — 2 + 2k) -manifold 
and has an antiholomorphic involution cr£^i^ defined as the composition of the natural 
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complex conjugation (21,— j) ^^'^^ transpositions (zhZh+ic)/ 1 < H < k. 

r/ze real Iocms MiW^ic = fix(cr£^)c) /s ^/zen a smooth real [t — 2 + 2k) -manifold. 

The complex double operation over the complex disks gives a natural map K^^ic A 
MfWf^ic- r/ze image of this map is the closure of the set of spheres represented as xq = 
oo,{xi < . . . < c RP^ C CP^ and Im(zH) > Ofor 1 < H < k. 

1.2. Constructing Cif^^, the moduli of ^-clusters 

Now we add up cells to K^^ic that will be used to encode length variations of 
metric lines connecting the marked disks. The resulting objects, the ^-clusters, 
support planar structures reminescent of the complex structures over the disks 
that will not vary over Ctf-^^. 
Definition 1.2.1. 

col(K«,ic)=|J K^,ic,>TxX[°'i](T)A 

T 

with (D^i^xt^^) e KfioTd) xXf°'^](T^''^) ~ {U^^\x^^^) e K^i,>t(2) x 
. D(1)=D(2), " 

,Tn)<Tf2), 

• X^^'lj(i) = X^^', that is, X^^' is the natural extension o/X'^^ having ^ labels on 
its additional edges. 




Fig. 1.3. col(K2,i) 
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Definition 1.2.2. For 1 <£- 1 +2k, let [Clf^V^^^^ = col(K£,ic) and otherwise take 
[dl^f^^^^ toheapoint. 

More geometrically, the above procedure could be seen as a "collar" exten- 
sion of Kf^]^ using, near each maximal corner, a dual cell decomposition rem- 
inescent of that of the associahedra seen as a space of metric trees (see | |BV |[). 
The cells of this decomposition are given by labelings of maximal trees taking 
the 1 value over a subset of interior edges. 

Although above the piecewise smooth (manifold with corners) structure 
would suffice, it will be convenient to smoothen the above charts and see that 
Cif-^, the smoothened version, is isomorphic to i^. As with disks, the combi- 
natorial type of a cluster will be encoded in a tree T having one vertex for each 
smooth component. Let Cif^ j be the clusters having type T. 
Lemma 1.2.3. There exists a piecewise smooth isomorphism [ Cify)^^^^^ — > K^^i^ send- 
ing Cif-^ J to K^^i^j /or every combinatorial type T. 

The idea will be to decompose a neighborhood of the corners of Kf ]^ into 
pieces isomorphic to K£^]^^>j x X^^'^\l], |T| > 1, see that their complement is 
isomorphic to Kf \^ and that the pieces attach as in definition 11.2.11 (see figure 

m. 



Proof. Since K^^i^ is a smooth MWEC, given a 1 -corner F G Ci (Kf^j^), one can 
add a collar neighborhood Fx [0,1] along F. The resulting space is again a 
smooth MWEC isomorphic to i^. The added collar can then be seen as a 
compact neighborhood of the image of F under this isomorphism. 

Considering another 1 -comer F' G Ci (K^^i^), one can look at its correspond- 
ing 1 -comer in the above enlargement of and repeat the same collar addi- 
tion manipulation. If FQF' = 0, then we are left with a new copy of Kf with 
preferred neighborhoods of F and F', and if F and F' have a common 2-comer 
G G C2(K£^ic), then we get a new copy of K^^i^ that decomposes as a preferred 
G X [0, 1]^ neighborhood of G, cells Fx [0, 1] and F' x [0, 1] and a main cell iso- 
morphic to K^^ic (see figure [L4|). 

One can iterate over all of Ci (K^^i^) and see that the resulting space contains 
for every corner Y.i^\i^>j a cell isomorphic to Y.i^\i^>-\ x X^'^'^^ (T) attaching to the 
K£,k,>T' X X[°'^] (T'], T' < T, cells as in definition ITZTl □ 



Another way of managing the above construction will be necessary later in 
the case of quilted CS-clusters; we include it as appendix lAl to better illustrate 
the content of appendix |Bl 

Definition 1.2.4. Let Cif^ he [C^f^Y^^^^ = coUK^^i^) endowed with the manifold 
with embedded corner structure induced by the above identification. 

Since every 1 -corner of K^^i^ is naturally isomorphic to a product Kf(i) x 
K£(2) ]^(2), we get that every 1 -corner of Cif-^ is naturally isomorphic to a prod- 
uct (Tl^, , , X (^1^2) ,^(2) • The same can be said about corners of lower dimen- 
sion. 
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Fig. 1.4. The collar procedure on K^^ic 



1.3. Universal curves 

For £ — 2 + 2k > 1 , we now describe an extension of the universal curve over 
K£,k to Cif-^^ such that the fiber over a point of the collar is a set of marked disks 
connected by metric lines. 

Let again U^^ic Kf^jc be that nodal family. We add metric lines between the 
components of the marked disks lying in the collar part of (T^f]^ using the tree 
labeltngs. 

Definition 1.3.1. for £-2 + 2k > 0, C = (D,X) G Ki^]c,>j x X^°^^^[T), take the nor- 
malization of the marked nodal disk 7r^^(D) modified so that the two markings cor- 
responding to e e E^"^^(T) are connected by a metric line of length — log(X(e)). In 
addition, for every 1 < j < £ (resp. j = 0), identify the origin of a copy ofR+ (resp. 
R-) with the boundary marking Xj(D) (seefigure ll.Sh For £ = 1 and k = 0, consider 
a line M and for £ = k = 0, take a half-line M-. 

We denote the resulting by [n^)^^ (C) and refer to it as the (Ei-cluster, with I leaves 
and k interior markings, associated with C G C^f-^. 

Like the notation suggests, we will consider the half -lines to be (metrically) 
semi-infinite, the points at infinity marked as Vj (C), < j < £, from which we 
refer to vo(C) as the root of C and to vj (C) as the j^^ leaf of C for 1 < j < £. 

It will be useful to see a connecting line of infinite length as a broken line 

]R+ U ]R_/+oo oo with the + half-line being closer to the root. 

Definition 1.3.2. The points {vj (C]}o<j<f and the breaking points of C are called the 
endpoints of C. We call a cluster irreducible if it does not contain any broken (i.e. 
infinite length) line. 

9C will denote the complement of the interior of the disks in C. 
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C = {D,X) 





Fig. 1.5. Cluster (Tr^j^^C) associated with C 

D(1'U---UD(6) e C5(K4,8) 



:d,x], d 



Notice that the breakings determine a decomposition of any (8)-cluster C 
into a finite composition of irreducible ^-clusters IjC^'. 

Taking lif^ - (J (7t®)-i (C], we get a map tt® : lif^ af^ and a com- 
c ' 
mutative diagram 



7t 



K 



Slightly extending the notion of deformation of stable marked bordered 
Riemann surface (see [LiuJ, chap. 3) so that it takes the normalization at a node 
as the opposite deformation to the (real) gluing at that node, one can say that 
Zlfy. is the union of a smooth family of marked bordered Riemann surfaces and 
a collection of smooth manifolds with comers made up from the added lines. 
Tt*^ will be thought as a piecewise smooth universal family of (8)-clusters. 
Definition 1.3.3. For every i and k, we set Vj : Cif^ Uf^, 1 < j < £ (resp. ] = 0) 
as being the smooth sections that map to the leaves (resp. root) of the ^-clusters and 
Zh : C^f-^^ '^f'v ^ < h < k ^/ze smooth sections which maps to the interior markings. 
Also, for every 1 -corner F G Ci [Ctf^], set VF : F ^ (7t®)-i (F) c Zlf^ as the smooth 
section which maps to the breaking point associated with F. 



1.4. Coherent systems of ends 

We next build, for every £, k > 0, half -line neighborhoods of the endpoints 
over Clf-y. that are coherent with respect to the product structure of its comers. 



23 




These ends will later support predetermined Morse functions whereas pertur- 
bations of these functions will be allowed on their complement. 
Definition 1.4.1. A coherent system of ends is a collection of closed subsets V = 
{'^£,k C Uf'^}i^\^>o coming from the closure of a corresponding collection of open subsets 
such that 

(1) %fi = = 1_, ^ = uf^Q = 1. Otherwise z/ £ - 2 + 2k > 0, then for every 
irreducible component C*^' ofC, '^e,icn C'^' is a disjoint union of closed neigh- 
borhoods of its endpoints, each being homeomorphic to [— oo,— R] C ]R_, and 
closed intervals on some interior lines, each being homeomorphic to [— y > y] S 

(2) for every irreducible component C^^' e C^fa) ^n) ofC, l^t^kClC^^^ = "^iW^-kW flC^^. 
Therefore, the neighborhoods over C^^^ are invariant over deformations of C\ 
C^^', over permutations of the z^'s which leave the z]^^'s invariant, it is inde- 
pendent of I, k and of the relative position of C^^' in C. 

Although this is not strictly necessary, one can construct coherent systems 
of ends explicitely. 

For k = 0, condition[T]of definition [Qj] sets T^o,o = Uf^o = T^i,o = Uf^Q = 

R. 

Let Do(r) c [0, 1]^ C M? be the closed disk of radius < r < 1 centered at the 
origin with respect to the standard metric. Now endow the negative gradient 
flow lines ofh:(x,ij) G [Ojll^t-^y^ — with the metric induced from M by their 
usual time parametrization. 

For k > 1 , identify any line I of C G Cif-^ of finite length with the flow line 
of the corresponding length and set T^^kfl^ = Do(r) HI- Otherwise if I touches 
precisely one endpoint (breaking, leave or root) of C, identify it with {0} x [0, 1] 
(resp. [0, 1] X {0}) if I is above (resp. below) that endpoint, the endpoint being 
identified with (0,0). Then say 14,^(11- = Doli'] fll- 
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Condition Q] follows directly from the above construction. Note that only 
the lines of sufficient length will intersect 'l4,k/ arid that for any disk it is pos- 
sible to find a neighborhood of it that is not intersecting 'J^^ic- Condition |2] is 
satisfied simply because the choice of the ends is made independently over 
each line, the length being the only considered parameter. 




• \ 1 • 

Fig. 1.7. Choice of ends 1^^^ over Cif^Q 

Therefore, 

Lemma 1.4.2. There exist coherent systems of ends. 

Remark 1.4.3. The requirement that V comes from the closure of open subsets is 
chosen to ensure that for a sufficiently large length parameter, an interior line will 
necessarily intersect 1/ since the nearby breaking point lies in V (see figure \1.7h 

Note that one can define a coherent system of strip-like ends S = {Si^k C 
'Lli,k} over the disks of llf-^ by pulling back a coherent system of strip-like ends 
S = {Sf^ic C Uf^ic} (defined in a similar fashion, see [Sei], |W1| , |[CM|) by the 
natural projection li®^ U^^i^ that collapses the connecting lines. 
Remark 1.4.4. An appropriate coherent choice of strip-like ends S = {Sg^ic C Uf^i^} 
allows an explicit construction of the corner charts i^j of proposition \1.1.2\ one can set 
i|)t(D,X = (Xi,...,X[j|]) to be the linear gluing o/D G ^i,k,>J using the parameter 
y: on the corresponding node, 1 < i < |T|. 

The same operation can also be seen to generate corner charts for {Cif-^i^\c>o- 

1.5. Coherent systems of perturbations 

First, we assign a pair of integers to each of the leaves of a ^-cluster so that 
these labels respect in a specific way its ribbon structure. This will later encode 
an appropriate choice of Morse functions over the ends. One could then either 
use a collection of Morse functions as in [|Fu j | and IBCJ or a single one as in 
ICLJ. 

First, fix an integer c > 0. 
Definition 1.5.1. We call I : {0, 1 , 2, . . . , £} ^ {0, 1 , c}^ an end labeling of length i if 
0< Til ([(0))=7ri([(1])<7r2([(1]) =711 ([(2)) < 712(1(2)) =7ri([(3])<---<7t2([(£- 
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1 )) =TC-\ ([(£)) < 712 ([(£)) = 7r2(I(0)) < c, where n-[ and 712 are the projection on the 
first and second factor of the product, respectively. Moreover, we consider every trivial 
labelings of length £ to he equivalent. 

We take 2, to he the set of all the end lahelings, Clf-^ ( = [Cif^^ i) and Uf^ ^ = 
[Uf-^, I) for [ G £ of length I. 

Note that a labeling t of the leaves of a (g)-cluster C G C^f-^ canonically de- 
termines an end labeling l'*^' over each of its irreducible component C'^': Let 

Vq' be the a^^ leaf of C'^^ and E the numbers of the leaves that lie above v^a ■ 
Nowsay{0,l,2,...,£}\E = {0,1,2,...,b-1,b}U{a,a + l,...,£-l,£,0},then take 
[f^'(a) = (7T2(b),7rT (a)). In fact, one can use [ to associate in the same fashion a 
pair of integers 1(1) with each line I of C (see figure [L8)). 

(0,4) 



(0,1) (1,2) (2,2) (2,4) 

Fig. 1.8. Labeling of C G for c = 4 

Next, we assign to every point of Uf-y_ j an element in a product of Banach 
manifolds so that this choice is coherent with respect to the product structure 
of the comers of Cif-^ (. This will later encode the choice of a Morse function 
plus a cu-tamed almost complex structure on the target space at every point of 
a (8)-cluster. 

Let fTVf X be a product of Banach spaces with Urf^ and nj the projections 
on the first and second factor, respectively. 

Definition 1.5.2. Let V he a coherent system of ends and S he a coherent system 
of strip-like ends. A coherent system of perturhations vanishing on 1^ and S is a 

collection of maps P ={'Uf'-^^ j M x J?}f,k>o,[e£ such that 
(2) p£,ic,[ is piecewise smooth, 

(2) 7Tj7 op£^i^ [ = on 5c,k,i on the houndaries of the i^-clusters. 
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(3) n^oTpi^i = on 'l'i\^and ng^o^ii^i = over every lineXsuchthat n-\[[[X]) ^ 

(4) for every disk D o/ C with no interior markings, let {x^°, . . . ,x|^°^|} (resf. 
{x^°}) he the ordered boundary markings ofD away from (resp. towards) the 

|Dol 

root such that n-[[l{x- °)) = 7t2(l(x- °)). Then ^ Tt^j^ o p£ ]^ ((x- °)— Tt^j^o 

j=i 

P^jk.K^o'") — 0, where the last summand is understood to be if{x^°] = 0, 

(5) for every irreducible component (C^^'j^^') of{C^l),])i^]c,i\cW —Viw k(^) iiolci^)- 
Therefore, p£,k,( invariant over changes o/ (C, I) which preserve (C^^', l^^'), that 
is, independent of changes of I, ofk, of the relative position of C'^^ in C, of 

permutations of the z^'s that preserve the z^^'s and of ( that preserve [^^\ 
Y\fe set to be the set of all the coherent systems of perturbations vanishing 

on V and S. 



fo(a-S'') = fM?) + J'^^^f ). • = 1, 2 fo(io) = Fi(ii) + F{x2) + ^2(13) F„{,f) = F,(«S'') + ¥,(4'), 1 = 1, 2 




Fig. 1.9. Choice of perturbation Pa^o constant over '^3^0 for c = 

Remark 1.5.3. The lines I with n^{\{\\] = 7t2([(l]) will later lie in the part of the 
cluster where perturbations of a single Morse function f are used. 7t^ op£ ]^ ( will be 
a generic choice of perturbation off needed to achieve transversality near trajectories 
where two such lines coincide in the target (see |CL| ). Condition S] zs only used to 
ensure that a hessian is defined naturally on these contact points, the disks with no 
interior markings corresponding to the so-called ghost disks. 

First notice that when considering disks as real spheres as in remark 11.1.31 
the choice of coherent perturbation datum over the disks (on U^^i^ ^i,k) is 
essentially performed in [CMJ. The pullback of such data to clusters under the 
line collapsing map could be used as tij opf ]^ [. 

For simplicity, it will be convenient to generate coherent perturbations that 
are compatible with the linear gluing of clusters for sufficiently large gluing 
parameters even though in practice we do not choose exactly these perturba- 
tions. We show how to construct such perturbations by induction over the di- 
mension of the corners. More precisely, we extend smoothly a coherent choice 
over the comers Ciaf^] of Clf^^ to a neighborhood of C[af^^]. 
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Definition 11.5.21 forces the use of trivial perturbation maps for £ — 2 + 2k < 
0. The case £ — 2 + 2k = splits into cases £ = 0, k = 1 and £ = 2, k = with 
every possible labeling, over which we can choose arbitrary perturbation maps 
which satisfy the desired properties. 

If we assume a coherent system of perturbations for £ — 2 + 2k < p, then 
for £ — 2 + 2k = p, notice that every (C,[) G C((r£f^[) splits into irreducible 
components (C(^',lW] G (a^®,, such that £(^) - 2 + 2k(^' < p so we take 

P£,k,[lc(^) =ViW k(i^) i(^)lc(^'- ^^^^ defines an appropriate choice of perturbation 
over C[C^fi^ () so we are left with an extension problem over Cif^ (. 

First set a system of neighborhoods of the corners: Take Kf ]^ >j/ x X^^'^^[T'] c 
K«,k,>T' X X[°'i] (T') C Clf^^, where < e < 1 . From definition [1211 it is not hard 
to see that y^^^^^iCk k >t]' = U Kf ic >t' x X[°'^[(T'] is a neighborhood of af^ >j. 

T'>T ' ' 

This neighborhood can be thought as linear gluings on the breakings of Ctf-^^ >j 
with sufficiently large gluing parameters. 

Then, choose a set of smooth cutoff functions |3 = {^i^]c,>j}j with ^i^]c^>j be- 
ing constant to 1 over y^'-^'^^iC^f^ >j) and having support in y^^'^^'^^^^[C^f^ >-p). 

Now if a coherent system of perturbations has been chosen for £ — 2 -(- 2k < 
m, then for £ — 2 + 2k = ra, take nP«,k,>T(C) times the perturbation over C e 

T 

(r£f]^ induced by seeing C as the result of a linear gluing. Therefore, the ex- 
tended perturbation can be chosen so that its support lies in an arbitrarily small 
neighborhood of C{af^^]. 

Define '^^-^+^^<'^[i',S] (resp. ^^-^+^^^"^[1^,5]) to be the choices of per- 
turbation data on the strata of dimension £ — 2 + 2k < ra (resp. £ — 2 + 2k < ra). 
Let then 

(p£-2+2k<mj-^ fpf-2+2k<rrn^^ 

be the natural restriction map and 

^«-2+2k<m^^^^) l^i^ q3«-2+2k<m^^^^) 

the extension map using |3. Thus (see corollary 3.7 of [CM J), 
Lemma 1.5.4. For ra > 1 , is a continuous linear right inverse for Rra, and there- 
fore the preimage of a Baire subset o/^^^^+^'^^"^('^',5) under Rra is a Baire subset of 

qj£-2+2k<m^^^^-)_ 

1.6. Operators over ^-clusters 

Now we describe a general operator over a cluster defined as a real Cauchy- 
Riemann operator over its disks and as a hessian connection over its lines. We 
compute the index of such an operator. Also, for every smooth cluster C, we 
define an operator D9c on its tangent bundle that has a cokemel canonically 
isomorphic to Tc af^^ if £ - 2 + 2k > 0. 

Take C G C^f-^^ and equip any line I of C with a Riemannian metric using 
the following model: Endow the standard negative gradient flow lines of the 
function h : [x^y) G [0, 1]^ h-^ y-^ — x^ with the metric induced from M by their 
usual parametrization. 
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If I is of finite length, take I to be isometric to the flow line of this length. 
Otherwise, I touches precisely one endpoint of C. If I is above (resp. under) 
this point, take I to be isometric to [0, 1] x {0} C [0, 1]^ (resp. {0} x [0, 1] C [0, 1]^), 
with the endpoint corresponding to (0, 0). For the special case C = R, we equip 
it with the standard metric of M. 

Setreal(C^l) ={V c C^|tV® V = C^}. A map F : aC ^ real(C^i), 

subspace 

smooth on 9d for every disk d and such that F|i = c for every line I is 
called a real boundary condition on C"^ x C ^ C and by slight abuse of nota- 
tion, denote by F 9C the associated bundle. For such a real boundary con- 
dition, L"^'P(C,C^,F] e L"^'P(C,C^)|^(x) e F^Vx e 9C} and C"^'P(C,C^) = 
C"^'P(C,C^F) = n I-'^"^'P(l,F|i] X n I-"^"^'P(d,C^). 

leliues(C) d€discs(C) 

Let an endpoint condition be a tuplet A = (Aq, . .., A^, (Ab)t,ebTeakings(C)) of 
invertible and diagonalizable n x n real matrices, then a map 
A G L"^-i'P(aC, Matn(M)) such that A(vj) = Aj f or < j < £ and A(b) = Ab for 
b e breakings (C) is said to be compatible with A. 

Definition 1.6.1. A real linear Cauchy-Riemann operator of class (ra— 1 ,p) on x 

— * 

C — > C with real boundary condition F and endpoint condition A is a real linear oper- 
ator 

L'^'P(c,c^,F) ^ l;^^-^'^(c,c^) 

such that eV^^'PiC.C.R) 

Da(f • £,)|d = f •Da(£,)|d + • £,ld,Vd e dtscs(C) 

oz 

Da(f • = f ■ - A)£,k + ■ £,k, VI e Imes(C) 

for some A e L^^^'T'iaC, Matn(K)) compatible with A. 

We now compute the index of such an arbitrary Cauchy-Riemann operator. 
Given F-^ aC a real boundary condition, then since real(C^,i) = Gln(C)/Gln(M), 
which has fundamental group canonically isomorphic to Z, define ij.(F) to be 
the index of its associated cycle. Also, given an endpoints condition A, define 
|a.+ ( Aj ) (resp. ( Aj )) to be the number of positive (resp. negative) eigenvalues 
of Aj for < j < L 

Proposition 1.6.2. For any £,k > and smooth C G C^f-^, that is, with no lines of 
zero length nor broken lines, a real linear Cauchy-Riemann operator DS on C with 
real boundary condition F ^ aC and endpoint condition A is Fredholm of index 

I 

Ind(Da) = ^+(Ao) ^+(Aj) + ^(F) 

Proof. Let n be the rank of F ^ aC. First, we notice that the index of the 
operator is well-known over every smooth component of C. 
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Indeed, for any I G intlmes(C), D9|i^ is Fredholm with Ind(D9|i) = n, if I 
contains vq then D9|i. is Fredholm with Ind(D9|i.) = |j.+ (Ao) and for 1 < j < £, if 
I contains Vj then Dd\i is Fredholm with Ind(D9|0 = M."(Aj) (see [Si, IIW2ll ). 

Moreover, for any d G discs (C), a Riemann-Roch-type theorem (see ||MSJ ) 
ensures that D9|(i is Fredholm with Ind(D9|(i) = n+ |j,(F|d). 

Then looking at the short exact sequence of operators 

L^,P(C,C-) ► Yl L"^'^(^>^li)x n t-"''^(d,C",F|d) ^^''^ ■ n Vx- 



DS 



leUnes(C) dediscs{C) dediscs(C) 

niDSkxHaDSId 



where ev^ takes the differences at the contact points between d and the lines 
touching it. 

We have that the middle operator has index 

^ Ind(D9|0+ Ind(D9|d) 

leUnes(C) dediscs{C) 

= ^+[Ao] + Y_ ^"(Aj] +n|intlmes(C]| +n|discs(C)| + i^(F) 

j=i 

e 

= M.+ ( Ao) + ^ M-" ( Aj ) + M.(F) + 2rL|intlines ( C] | + n 

j=i 

while the operator on the right has index 

n Y_ |d| =2n|intlirLes(C)|+n(£ + 1] 

dediscs(C) 



SO that 



£ 

= ^+(Ao)-}^^+(Aj) + ^(F) 



□ 

We would also like to have an analogue of the Cauchy-Riemann operator 
over the tangent bundle for a cluster. However, this bundle is not well defined 
at nonsmooth points but if we consider only tangent sections L^'^(C,TC,T9C) 
that vanish at these points besides vanishing at the interior markings, we get 
an operator 
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L^'P(C,TC,TaC) ► V^^-^^'PiCJC] 

defined as the canonical Cauchy-Riemann operator over the disks and the 
Levi-Civita connection over the edges. 

Lemma 1.6.3. For smooth C G (T^f^ with £ — 2 + 2k > 0, D9c is injective with 
coker(D9c) = Tc^T^f^ = M^^^+^'^ whereas for arbitrary C G Ctf^, D9c is injective 
with 

CokeT(D9(;) — nodes(C)\—2\complex nodes(C)\ 

. For £ = 1 ,k = 0, D9c 2S surjective with ker(D9c) = M, and for £ = k = 0, D9c is 
an isomorphism. 

Proof. The second part of the statement refers to the operator over M (resp. 
M ) equipped with the standard metric: The only kernel element is the trans- 
lation over M (resp. the zero section) and the above index computation returns 
1 (resp. 0), so the cokernel must be empty. 

When £—2+ 2k > 0, obviously, the kernel of D 9c is trivial for C being stable. 
The rest of the statement depends on standard Kodaira-Spencer deformation 
theory arguments. 

The Dolbeault theorem insures that the cokernel over a smooth disk with 
(£ + 1 ) boundary markings and k interior markings is canonically isomorphic 
to the £ — 2 + 2k independent first order deformations of its complex structure, 
and that the cokernel over any edge of nonzero finite length is canonically 
isomorphic to the first order variation of its length. Therefore, we immediately 
get the result for C G Kf^jc C Cif-^ and it extends canonically to the interior of 
any K£,k,>T x X^^'i] (T) cell with |V(T)| > 2. 

Furthermore, we notice that the creation of every breaking or real boundary 
node decreases the dimension of the first order deformations, and therefore 
the dimension of the cokernel, by one whereas a complex node decreases this 
dimension by two. □ 

1.7. Orientations ON {(r^^j£,ic>o 

As the subtitle suggests, a reader who is not interested in orientation con- 
siderations should skip this subsection. Orientation considerations on{(r£f^}£,k>o 
will later be used to choose correct signs in the definition of 5®. 

Lemma 11.6.31 shows that for smooth C with £ — 2 + 2k > 0, coker(D9c) is 
canonically isomorphic to Tca^®^ so for C = C'^^ U C'^^ G F G Ci [Ci^-^] with C^^' 
and C'^^ smooth, coker(D9(^(i > y (^d) ) is canonically isomorphic to both TcF and 
Tjcc ) c(2)] ^^1-^1 ) 1^(1 ) ^ ^^^2) ]^(2) • These two identifications will be compared, up 
to orientation, via the operation of (linear) gluing of D 9c at the breaking point. 
This procedure also applies to the cases where £(i' = 1 and/or £^2) < 1 . 

First, we fix a reference orientation of D9c for every smooth C G Cif-^ with 
(£,k)^(0,0). 

Definition 1.7.1. Let O,, = A g^^, < h < k. 
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For ]<.>], let Oi = ^ A ■ • ■ A take the orientation Oi^\c = Of A 0^2 A • • • A O^^ 
over Kf^ic and extend it to an orientation Of'^ on (T^f^. 

For k = and t — we take Of'^ = ^ to be the field that generates the positive 
(away from the root) translation over M. 

Now we find the combinatorial formula for the difference between the ori- 
entation dyOf^ induced on a component F = K^(i) x K£(2) ^(2) C C-\{C^f■^J 
by Of'^ by using the usual outward pointing direction first convention, and 

Note that this orientation induction procedure is also defined in the cases 
where C*^^ or C*^^' is M so that their concatenation C does not belong to Ci [C^f-^J. 
One can still generate a one-dimensional family of ^-clusters n : #C -^]0,oo], 
#pC t-^ p by the linear gluing maps around the concatenation point (see |[S|). 
Indeed, we have the exact sequence of operators 



^(#pC,T#pC,T9#pC) L"^'P(#pC,L!T#C,L;Ta#C) 



D9# 



c 



D9l 



-^-i'P(#pC,T#pC) L^-1'P(#pC,l;t#C] 



l;)'^'^(#pC,i;t#c,i;t3#c) 

L^'P(#pC,T#pC,T9#pC) 

l"^-1'P(#pC,l;t#c) 



C"^'^(#pC,T#pC) 



where ip : n^^ (p] ^ #C is the canonical inclusion. For p = oo, the right oper- 
ator is an isomorphism, the other two having the same kernel and cokemel, 
and therefore we can choose O^® , '^fii) ^{i) to orient the center opera- 

tor. For p < oo, the right operator has a one-dimensional kernel and the left 
one has index one less than at p = oo. Then for large p, one can consider the 
orientation induced from p = oo on the center operator and choose orienta- 
tion O®-^ on the left one, so the right operator inherits an orientation. We say 
it is outward normal if it projects onto the ^ orientation of ]0,oo] and then 
assert that O^® , 1^(1) ^f{2) ^ii) on the composition induces the outward nor- 
mal orientation on its glued 1-parameter family (relative to Of'^), or simply 

Lemma 1.7.2. Let £(i^ > 1, > and kt^^k'^) > such that (£(2],kt2)) ^ (0,0). 
Then letl + ] = +£(2), k = kt^' +k(2), c'^^ e a^® , ^d,, C^^' G aga) ^u) smooth 



and define C = C'^^ IjC^' /^(i) ^{2), that is, C is the concatenation o/C^^' and C'^^ on 
the leaf of C^^'^ (seefigure ^TW . Then 



Proof. In the cases where k^^' > 1 and k^^^ > 1, the composition of (g>-clusters 
is a stable ^-cluster with one breaking and therefore lies in a codimension one 



32 





J -I 



Fig. 1.10. Cluster C G Ci [af^] 



face F of Ctf-^^- Then as in lemma 2.9 of | |W1| , we compute using coordinates in 
a neighborhood of F, the outward normal coordinate being denoted by 



■AM 



9np 

= A0,n)AA0(2,A(-1 



A 0^(1) A 0^(2) 
9.9. .9 



A0,n,AA0„,A(-l)l''''-i)'»'+<M,_£_^_il_/X...A-^A...A 



h=2 



■A... A 



h=2 

9 



9nF 
9 

9nF' ^9xji' 



9xj 



9x 



(1) 



-A 



8x« - 8x|fi, 

kd) k(2) 



h=2 



9 



h=2 

9 9 
A — A...A^ A 



9 



9x 



A- 



1-1 9Re(zS^^) 



■A... A 



A — A... A 



9x 



kd) k(21 g 9 9 

= A 0.n) A A O.^.A^A...A^A — A...A 

h=2 h=1 



■A- 



-,' \ 9xi 9Xj-1 9Xj 9^j+£(2)-l 9^j+£(2) 



A... A 



9x 



= A^-hAQ 

h=1 

- O® 



If £(1 5 = 1 , ' = 0, SO that C*^ ' is a line, and k'^' > 1 , then |- goes to under 
the connecting map so it lifts to a generator of the kernel of the center operator 
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D9tp. It follows from the definition of the linear gluing that this element gets 

approximated by ^ as p goes to oo. Therefore, we compute, up to large p 
approximation, 

O® AO® — — An® 

= —AO® 

9p ^''^ 

— ?\ - o® 

If £^2) = 1 , k(2' = 0, so that C^^' is a line, and k^^ ^ > 1 , then |- goes to under 

the connecting map so it lifts to a generator of the kernel of D9Lp. It follows 
from the definition of the linear gluing that this element gets approximated by 
— ^ as p goes to oo. Therefore, 

- — AO® 

If £(1) = £(2) ^ 1 and k'^^ - k(2^ = 0, then it follows from the definition of 
the linear gluing that as p goes to oo, is approximated by — = 
0%, ^n) - 0% ^(2). Moreover, ^ = Og, goes, in the limit, to gA_ + _^ = 
^£ti)|k(n + ^£?2),,(2)- Therefore, 

lO® AO® —iO® —O® ^AiO® A-O® 1 

^'^£m,k(l)'^^'^f(2),lc(2) - ^^e(l),lc(1) ^«(2),k(2)J'^^^^£(1),k(l) ^^£(2),k(2)'' 

= —A0® 
9p ^'"^ 

— a - n® 

□ 



Chapter 2 



THE (g)-CLUSTER COMPLEX 



2.1. Gln(M) -STRUCTURES 

Let n > 2. Denote by Gln(IR) and Gln(IR) the two Lie group structures on 
the everywhere nontrivial twofold cover of Gln.(M) for which the covering map 

is a group morphism. Say Gln(IR) (resp. Gln(M) ) is the group in which a lift 

of a reflection is of order two (resp. four). From now on, we choose Gln(K) 
to denote a particular choice of these group structures, which must be kept 
constant in all of the upcoming statements. 

Definition 2.1.1. A Gln,(M) -structure on a real vector bundle of rank n F ^ B zs 
the choice of a lift of the Gln(M)-prmdpflZ structure o/Fr(F) B, the frame bundle 

off, to a Gln(M) -principal structure, i.e. the choice of a Gln(M) -principal bundle 

Fr(F) ^ B that factors through ¥r[f] by the covering map on every fiber. 

The obstruction to the existence of such a structure is well-known (see | |KT[ ) 
to be 'W2(F) (resp. W2(F) + wi (F)^) for the + (resp. — ) choice. Note that by the 

Wu formula (see |MilS| ), for n < 3, F always has a Gln(M) -structure. 

From the homotopy exact sequence associated with 
real(C"^,i) = Gln(C)/Gln(IR), we see that it has a second homotopy group iso- 
morphic to Z/2Z, generated by the action of a retraction in Gln(C] of a non- 
trivial loop of Gin (M). 

Thus, for any p. G Z and (g)-cluster C G Cif-^' space ^^(C, \x) of real bound- 
ary conditions of index \i. on x C ^ C has fundamental group isomorphic to 
(Z/IZ]''^^'*'^^'^", generated by the action of the above retraction over each disk. 

Now if ^^(C, 10.] denotes the space of real boundary conditions of Maslov 

index \i. on C"^ x C ^ C together with a choice of Gin (M) -structure on them, it 
is not hard to see that 

Lemma 2.1.2. n-\ (^(C, acts transitively on the fibers of the cover 

In other words: Up to homotopy of the boundary condition, every choice 
of Gln(IR) -structure on it is the same. 
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Given any endpoint condition A on C, the same phenomena happens with 
the cover ort(D9, A] — > i^(C, \i) with fiber over F 9C being the two orien- 
tations of the Cauchy-Riemann operators subject to F and A. This is a conse- 
quence of the short exact sequence [L6] and the following lemma: 
Lemma 2.1.3. IIWll HFOOOI For any |a. G Z, take ^(C"^,i, ]x] to be the space if real 
boundary contitions of index \x on x Dc Dc arid ori(D9] ^(C"^,i, be 
the cover with fiber over F 9Dc being the two orientations of the Cauchy-Riemann 
operators on C"^ x Dc ^ Dc subject to F, then 

ori(D9)^^(C^i,^l) 

zs the nontrivial twofold cover. 

Therefore, up to homotopy of the boundary conditions, every orientation 
of an operator over a cluster is the same. 

Thus, again in the case of clusters, the choice of Gln.(M) -structures on the 
boundary conditions allows one to manage orientations over families of oper- 
ators. 

2.2. Algebraic and geometric settings 

Let (M,a)] be a 2n-dimensional compact symplectic manifold with n > 2 
and L a closed connected monotone lagrangian submanifold with minimal 

Maslov number Nl > 2 that admits a Gln(M) -structure. That is, there ex- 
ists T > such that cu([u]] = tij.([u]) V[u] G 712 (M,L], where [i is the Maslov 
index and cu stands for the integration of w, and Nl = min{ia.([u]) > | [u] G 
7t2(M,L)}>2. 

Now we fix c G N, a a>-tamed almost complex structure J on (M, tu), a met- 
ric g on L, a Morse-Smale (with respect to g) function f : L ^ M with a single 
local maximum, and if c > 1, some additional functions {fr : L ^ M}o<t.<c such 
that {fr^ — fr2}o<ri <r2<c is a Set of Morse-Smale functions, each having a single 
local maximum. 

Let A = Z[t,t^^] and A+ = Z[t] be polynomial rings, with the grading in- 
duced by setting the index of t to be \i[t) =N]_. These should be seen as sim- 
plified versions of the usual full Novikov rings A = Z((t"2('^''^))) = ate'^^' | 
at G ZjuJ G 7r2(M,L),VR G M, |{i|a)([uj) < R}| < 00} and A+ = Z((t"2(M,L)+^^^ 
respectively, where 7r2(M,L)+ = {A G 7r2(M,L]|cu(A) > 0}. For simplicity, we 
use A throughout the following, but it can be replaced by either of the above 
rings. 

Set the A-modules V = crit(f) ® A and Vj, ^2 = critffj^ - fja) ® ^' ^ ^ 1i < 
j2 < c. Let then T"^V = V®^ = V (g) ... V be the rank m tensor product of V. 
Definition 2.2.1. Let 

a®=a®(L,f,fo,...,fc) 

= T"^°V®Vjo,5i ®T"^'V®...®T"^c'-iv®V.^,_^^.^,®T"^c'V 

0<c'<cO<jo<...<ic'<c 
mo,...,m.^i>0 
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where the c' = inner union is understood to be T(V) = T"^V, the tensor algebra 

m>1 

ofY, and the summation symbol allows finite sums only. 

We write an arbitrary monomial element x = xi • • • Xq (g) e Ct® asx^ . . . Xq t'^ 

and define its index to be \l[x) = X!m- (^j) + M-("t ] = ^('n.— |xj|) + dN^ and its 

cardinality as q{x) = q E N. 

We now define the usual trajectories between elements of Cl^ that satisfy 
gradient and pseudoholomorphic equations. For the above monotone setting, 
a result of Lazzarini ([LI), used as in [|BC[ , allows one to use a fixed almost- 
complex structure. It will then be convenient to use perturbations not depend- 
ing on the interior markings and to consider maps from (possibly unstable) 
^-clusters with no interior markings. 

Definition 2.2.2. For a coherent system of ends 1^ independent of the positions of 
the interior markings, let P = {pe,ic,i}£,k>o,ie£ « coherent system of perturbations 
constant on V with target £W x j? such that 

• TTj op^^i^j = 0, V£,k > and I G 

• for any k > 1, p£,ic,i is the pullback o/p{^o,i the forgetful map Clf^ j 

We will refer to P as being a monotone coherent system of perturbations constant on 

Here, fAf = fMf = expf(Bf c ^^(LjIR)) where the latter supports a Banach 
chart of the space of smooth Morse-Smale functions on L centered at f (see 
I1F2J). Also, 3=3] = expj(Bj c Q^[yV,'\]][TNV,vd)]'] supports a Banach chart of 
smooth uj-tamed almost-complex structures on (M, cu) centered at J (see [F2J, 
IMSJ). 

For every £,k > 0, t G -2 and ®-cluster C G CXf^ we consider the configu- 
ration resulting from forgetting its interior marked points, but without stabi- 
lizing it, and shall refer to it by C G (Tlf or later on by C G C^y First, note 
that C G (Tlf [ might contain disks with only one or two boundary markings, 
and thus be unstable. Secondly, a monotone coherent system of perturbations 
P constant on V defines a perturbation over any C' G Clf[. 

The tangent operator D9c' is still defined and has index |j.(D9c') = —[i — T] 
since there is no contribution from the interior markings anymore, and the 
unstable disks with one (resp. two) marking(s) contribute by +2 (resp. +1) to 
the dimension of both the kernel and the cokernel. Moreover, the orientations 
of D9c' naturally correspond to those of D9c via the following exact sequence: 



0^ L^'P(C,TC,T9C) ^ L^'^(C',TC',T9C'] W~^zS = '^^ 



D9( 



D9 



c 



h=1 



" L^-i'P(C,TC) L;i^-^'P(C',TC'] 
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Definition 2.2.3. Let x =Xq\. .Xq^^ and x+ = x^^' . . -x^j], . ..x\^^ . . .x|['q) be gen- 
erators of Ci® with ^t'"' > 1, 1 < r < q. Consider a pair (u, C) such that 

(1) c = C^'^x...xC^^^ eCl%x...xCl%. 

q , . 

(2) u: C = U C^^^ M continuous such that VI < r < q, 

(a) u(vj(C^^^)) = x|^^ for < j < this naturally defines a labeling 1^^^ 

on the endpoints of C'^' generated by taking l^^^j) = (jbj2) ^/^j^' ^ 
crittfj^ -fjj, 
u(9CW) CL, 

(c) over every line I o/C'^' such that l^^^ (j) = (ji , j2) with]-] < ii, u satisfies 
the gradient equation du(— |^(p)) = — Vg(fj^ — fj2) ou(p) Vp G I, w/zere 
^ is i/ze unit-length vector field on I ^/za^ points away from the root, 

(d) over every line I of C*^^' such that = u satisfies the gradi- 
ent equation du(-^(p)) = -Vg(7t5i^ op^,^, [(r)(p)) ou(p) Vp G I, 
w/iere ^ zs f/ze unit-length vector field on I i/zai points away from the 
root, 

(e) over every disc d of C^^\ u satisfies the pseudoholomorphic equation 
duo j(x) = J(u(x)) o du(x) Vx G d, where j zs the underlying complex 
structure of d. 

One can consider the linearized Cauchy-Riemann operator DB^ on u*TM — > C with 
boundary conditions ulg^^TL 9C and path of matrices A given by the hessians of the 
functions determined by P. Now take (C,u, Ou) where (C,u) zs as above and Ou is an 
orientation o/D9u and denote [(C,u, Ou)] the homotopy class of these data. 

We call [(C,u, Ou)] a Floer trajectory from x+ to x^ (see figure \2.1h ]Ne define 
its index |j,([(C,u, Ou)]] = M.(x^) — M-(x+) + ij.(Fu), where m.(Fu) is the Maslov index 
of its boundary condition specified by L, and its area a)([(C,u,Ou]]) — Ju*tu. Define 

c 

F(x+,x^) as the set of all the Floer trajectories from x+ to x^. 

Remark 2.2.4. By lemma \2?L2[ lemma IZTJl pZtzs the fact that L admits a Gln(M) - 
structure, we get that the family of operators over a Floer trajectory is orientable. Also 
note that because the gluing operation canonically transfers orientation (see [FHJ, 
||S2| , IIBCI ), the composition of trajectories will be well defined and the above homotopy 
should be considered to allow breakings into compositions ofnonbroken trajectories. 



2.3. Orientation settings 

This subsection intends to make sense of the A-moduIe elements +xi . . . Xqf^ 
and — xi ...Xqt*^ geometrically. Our strategy is reminescent of the orientation 
procedure in Morse cohomology (see [W2J, and [WlJ for the lagrangian Floer 
setting): Considering +x as an orientation Ox on (x) (whereas — x stands for 
—Ox on (x)), and then using the flow over the 6 trajectories to relate the gen- 
erators. The reader who is not interested in orientation considerations should 
skip this subsection, replacing Z with Z/2Z from now on. 
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Fig. 2.1. Configuration (C,u) for a Floer trajectory, C G Ci [C^fg] 



To conciliate the preceding algebraic and geometric settings, it will be con- 
venient to consider a Floer trajectory as a particular case of what is called a 
trajectory [(C,u,A9u,0u)] from a generator x+ to a generator (see HWlll , |W2ll 
for other examples) where 

(1) c = c(i)x...xc(qiGa® ,x...xa®„, 

(2) u : C = U C'""' ^ M continuous such that VI < r < q, 

(a) u(vj (CW)) = xj"' for < j < £W, 

(3) Agu : 9C iLag(u|g(^TM) is a lagrangian boundary condition such that 

W'^(xj''') c (Aau(vj(Ct^^)), 1 < r < q, plus a Glji) -structure on it, 

(4) Ou is an orientation of an operator over u*TM C with boundary con- 
ditions T^Qu and endpoint condition Hess (r) (f -^^) at Vj(C'^'), 1 < r < q. 

It] Ir] 
where x- e crit(f| ), 

and the brackets stand for the homotopy class with fixed area over each disk. 

Thus, a trajectory is simply a homotopy class (with fixed area) of maps 
from a cluster to (M, cu) with boundary and endpoint conditions together with 
an orientation of the associated Cauchy-Riemann operators. Note that up to 
orientation, every Floer trajectory defines a trajectory by using L together with 

its Gln(IR) -structure. 

Example 2.3.1. Ifx^=M = raax(f ), x^ = x G crit(f ) and area a = (a trajectory 
to x^ with area), then one can think of a trajectory as a semi-infinite flow line of 
f reaching x^ together with an orientation o/W^(x^). That is, u : (]R_,— oo) 
(M,x^) with endpoint condition Hessx(f) so one can simply think of the trajectory 
as an orientation o/W*(x). 
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Fig. 2.2. Configuration (C,u] for a trajectory 

Example 2.3.2. Ifx^=M,x^— xf^ G crit(f ) A (and therefore a = cItNl), then 
one can think of a trajectory as a semi-infinite flow line ofi connecting x^ with a disk 
of index dNi together with an orientation of a Cauchy-Riemann operator over it. 
We now proceed to choices that will allow a trajectory interpretation for 

±Xi ...Xqt*^: 

• For every x G crit(f) (resp. crit(fj, "fji^)' choose a reference orientation 
Of of W (x). We will interpret x = +xt'^ e C£® as a trajectory from M to 
X oriented as Of. 

• Choose a reference orientation on a trajectory from x+ = M to x^ = 
M with index Nl. This amounts to choosing an orientation of an opera- 
tor over disks of index N]_ passing through M. 

• No w for every d G N, set the reference orientation = = O^^ # . . . # O®^ , 
that is, we use the glued orientation over d disks of index Nl passing 
through M. 

• For every x G crit(f) (resp. crit(fj^ - ^\i))> set O^d = OfttO^, seeing a 
trajectory from M to x with index dNL as the composition of a trajectory 
from M to M having index dNL and one from M to x of index 0. 

• For XI . ..XoX^ G a®, set O® = O® #. . .#0® #0® . 

In what follows, we will consider ±xi . . .Xqf^ G Ci® as a trajectory from 1 
to xi (8) ... Xn-1 ® Xn of index dNi with orientation ±0® 

T " Xi ...Xqt" 

Remark 2.3.3. Also, one can consider an intermediate type of trajectories associated 
with A where 9C is mapped to L and Ag^ is taken as the pullback o/T*L. Moreover, 
it is possible to restrict to the trajectories with everywhere positive area, resulting in 

trajectories associated with A+ and A+. 

2.4. Definition OF 5® 

We then define a Z-linear differential map that counts rigid Floer trajecto- 
ries between elements of Ci®. We start off with defining intermediate opera- 
tors that have cardinality £ inputs and cardinality 1 outputs: 
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if X is a generator of CI® with q (x) — i, we define 



Tn£(x) = Y_ Y- 

x-ea® [(C,u,of )]eF(x,x- 



< of #of , 



>X"f^NL , 



where Of#0® is the composition at x, <_,_>= +1 (resp. — 1 ) if the entries 
coincide (resp. are opposite), and the orientation Of over every (C,u) is chosen 
via the following exact sequence of operators: 



0^ C'P(C,TC,T9C) 



— ► l;7-^'P(c,tc) 



L"^'P(C,u*TM,u*TL) 



D9, 



L"^'P(C,u*TM,u*TL) 
L^'P(C,TC,T3C) 

D9u/D9c 



C"^'P(C,TC) 



The right-hand side operator can be made surjective, and hence an isomor- 
phism, by choosing generically the perturbation system and the Morse func- 
tions {fri — fT2}o<ri <r2<c- Thus, D9u inherits an orientation from the reference 
orientation Of on D9c. 

Remark 2.4.1. Since M-lm^) = ^(x"t^)-M.(x] =-(£-2) and q(m{) = q(x"t^ 
q(x] = £ — 1, then [\x.+ c{][mi] = [i[mi) + q(raf] = 1, that is, is of degree 1 with 
respect to the ]x+q grading on Cf^. 

We extend mi to a A-module morphism. 
Remark 2.4.2. The expression ra^ (x • t'^) = (x) • t'^, d G Z, is consistent with the in- 



terpretation of section \2.3\ An output x^t'^^ '''^l from the left hand side is interpreted 
as a composition of a trajectory from Mtox of index dN^ with one from x to x^ with 
orientation < OfttO®^, O® ^(^, >. The other hand side could be interpreted as a 



lv(il) 



d+ 



"iNT 



x-t '^'^L 

composition of a trajectory from Mto M of index dN[_ with one from Mtox plus one 



from xtox with orientation < Of #0®, 

X 

l® ^(x) 



u)(u) 



Of#Of^„0^ 



d+ 



cuju) 



>. 



x-t "^L 

We define the codifferential 5® : a®(L,f,fo, , 



.,fc 



5® = 6®(M,a)J,L,P,f,fo,...,fc,g) 



a®(L,f,fo,...,fc)as 



q>11<j<q f>l 

Note that it is well defined by compactness of both M and L, fairly stan- 
dard Gromov-type compactness results for pseudoholomorphic discs with la- 
grangian boundary and the usual compactness results from Morse theory. 
Theorem 2.4.3. For 6® defined as above, we have 6® o 6® = so that [Ct'®,^®) is a 
cochain complex. 

Proof. By the transversality results of section HI the gluing theorem of [BCJ 
and some standard compactness results, the broken trajectories counted by 
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6® o 6® are in 1:1 correspondence with the boundary of a compact 1 -dimensional 
piecewise smooth manifold. 

Remark 2.4.4. For the compactness part of this statement, note that our use of per- 
turbations over (^-clusters carries well over the degenerations (breaking of flow lines) 
of trajectories. For instance, a flow line must break on critical points of the prescribed 
function over this line simply because the other functions are used over pieces of lines 
that are of finite length, so they cannot approach a critical point. 

It remains to see that the pairs of trajectories counted by 6® o 6® are counted 
with opposite orientation. 

In the special case where the pair of composite trajectories does not express 
as broken trajectories (see figure |23l) , this is purely algebraic (see [|W1 | | ). More 
precisely, the associated trajectory is counted by both 



g(2) _ j(2) 




^(1) 



j(2) _ 1 



,(1) _ 




£(2) 



,(1) _ 1 



Fig. 2.3. Pair of nonbroken Floer trajectories counted by 5® o 5® 



,where j'^' < j'^', with orientation 

{j(2)_3(l)) + ((q(l)_j(l))_(q(2)_j(2)))^(ll + (q(2)_j(2))(^(2)+^(2). ^ AH® 

and 

with orientation 

^_^^(j(2)_3(l)) + {(q(l)_j(l))_(q(2)_j(2)))£(l) + (q(2)_j(2))(£(2)+j(2))^_^^£(n{(2) + 1^^^^ ^ ^ 

_(_l)af^'H<^')+((qf^'Hf^'Mq'^'H<^')Kf^'+(q'^'H<^')(«f^'+^f^')0®, AO® 
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For the broken case (see figure |Z4|) , relying on lemma [1 .7.21 a broken trajec- 
tory (C,u) is counted with orientation 



'J °D9c'-^e(i)+{(2)_i 



so it induces (—1 )(q'^'-j'^')(^'^'+^'^^) times the outward normal orientation on its 
1-dimensional glued family. This is due to the fact that the orientation transfer 
on linear gluings considered in 11.7.21 for a sufficiently large gluing parameter, 
canonically corresponds to orientation transfer over gluings of trajectories (see 
(g, BEHI)- Since (q^^^ - j(2')(£(^' + is constant along the homotopy class, 
we get the result. 




Fig. 2.4. Broken Floer trajectory counted by 6® o 6*^ 



□ 



Note that 5® o 5® = is equivalent, using the sign convention of |GJ[ , to the 
Aoo associativity relations on the products {mf}£>i. In other words, ((r^®,6®) 
could be seen as the so-called (unsuspended) bar complex of this underly- 
ing Aoo algebra. In fact, using the usual Koszul sign rule f g(xi 0x2] = 
(— 1 j^fs^^^f"! (xt ) (g) gixz), we compute that the satisfy 



'raj(i)(xi,...,Xj_i,ra^(2)(xj,...,Xj_^^(2)_-|),x._^^(2),...,Xg(i)_^j(2)_-|_ 



=q 

where e(j,£{2)) = £(2)(^(^^ ) + ... + ^(xj_i )) + (j - 1 )(£(2) _ 1 ) + _ i )£{2)) go 
they define an Aqo algebra (in the conventions of IIKSII or IIPSII '). 
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Remark 2.4.5. In terms of the suspended tensor algebra sA of a \i-graded module A, 
that is, (sA)t = A^+i, 



A 



A 



(sA)^ sA 



where is of degree l — is of degree 1 , and s of degree —1 . We can compute that 



= 


z 










-i=q i<i<{n) 






L 


L 


(_l^(qH)f<^Mj-l)(3-l ob,n, o/^') old'-l 0(S-1 ob,,2, o/'')® Id'1 


£(1)- 




-l=q l<j<£(i) 






L 


L 


(-1 ) (^-1 ' (s-^ o b^n , ) o si-^ (b^(2) o s^'" ) (g) s^-i 






-l=q 1<i<£(i) 






z 


Z 


s"^ o (bjd ) o Id^-^ ® b^(2) ® Id''^ ) o si 


£(')- 




-l=q 1<j<«(l) 










}^ b^(,)oId''-^®bj(2)®Id''^)osl 



£(l)+f(2)_i=q 1<j<f(l) 



SO i/zfli no signs appear in the complex built from the bf, that is, 

0= Y. Y. be(i)oId^-^®b^(2)8)Idl-^ 

and 

0= ^ ^ ( — l)*^'^'^' ''b^(,)(Xl,...,Xj_l,b^(2)(Xj,...,X-_^£(2)_-|),Xj^^(2),...,X^(l)_^£(2)_ 

w^ere e(j, ) = |j.(xi ) + ... + M.(xj_i ) + (j — 1 ) and \^[xi) is the degree of Xi in A. 
This coincides with the algebraic formalism o/ ||FOOO[ and ||Sei| . 

Note that it is known that in the (8 (nonsymmetric) setting no information is 
stored in the associated cohomology groups. Indeed, a Morse function f with a 
single local maximum M has been chosen. Notice that mz o (M®_] = Id: If x G 
crit(f — f j2 ], then m2 on M (0 x counts the only flow line of f from M to x and 
thus returns x. Otherwise if x G crit(f ), then, for small enough perturbations, 
m2 on M ® X counts the only perturbed flow line of f from M intersecting the 
perturbed constant flow line from x to x so it again returns x. Also, a Morse 
theory argument tells that mi (M) = and for index reasons me(M(S)_] = for 
£ > 2. Therefore, in the language of Aqo algebras. 

Lemma 2.4.6. M = max(f) is a unit of the ((r£®(L,f),{mf}f>i] Aqo algebra. 



44 



Then left multiplication by M is seen, using the definition of 6®, to be a 
contracting homotopy between the identity and the trivial cochain maps: 

5®o(M(8)) + (M®)o5® = (m2o(M®J)®Id-(M®)o5® + (M®)o5® = Id-0 

where the first term corresponds to applying on M and the first factor ar- 
gument. 

2.5. Chain complex formulation 

It is also possible to encode the ^-cluster trajectories information using the 
homological formalism, as originally proposed in [CLJ. 

Let A = Z[t,t^^], A+ = Z[t], A and A+ be the Novikov rings defined as in 
section IZ2l In what follows, we use A, but the same should apply to the latter 
versions. 

Set the A-modules V = crit(f ) (g) A and Vj^ = crit(fj, - fja ) ® ^/ < ji < 
32 < c. Let then T"^V = V®^ = V (g) ... (g) V be the rank ra tensor product of V. 
Definition 2.5.1. Let 

a® =a®(L,f,fo,...,fc) 

= T"^°V®V3,,j, ®T^iV®...®T"^c'-iv®v.^,_^^.^,®T"^c'V 

0<c'<cO<io<-<ic'<c 
mo,.--,TTij,/>0 

where the c' = inner union is understood to he T(V) = T"^V, the tensor algebra 

m>1 

o/ V, and now allow formal series. 

An element of CI® might now be an infinite sum. Thus the cardinality q (x) 
of its terms can go to infinity, due to the contribution of products of critical 
points of f . In particular, any infinite sum having bounded energy must have 
the cardinality of its terms going to infinity (otherwise this would contradict 
the Novikov condition on the coefficients). 

The differential map will now count rigid Floer trajectories between ele- 
ments of (TC®. We start off by defining intermediate operators that have car- 
dinality 1 inputs and cardinality I outputs. If x is a generator of Ci® with 
q (x) = 1 , we define ra°^ as being the opposite of rcii, that is, we transpose the 
inputs and outputs of mc so that 

K'w= L L <o®#o®,o®^(,, >x+t^ 

x+ea® [(C,u,of )]eF(x+,x) xt^^ 

Then, is of degree —1 with respect to the |J.+ q grading on Ci®, where 
now \i.[t^) = — dN[_. Reversing the sign of the chosen Morse functions, one 
might see the trajectories counted by as flowing from the single input to 
the cardinality I output. With this in mind, we get |j.(x) = |x|, where |_| will now 
denote the Morse index with respect to the reversed Morse functions, so that 
now ® . . . (gxqf^) = l^jl ~ ^.Nl. 
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We define the differential m°P : a®(L,f,fo,...,fc) ^ a®(L,f,fo,...,fc) as 
= (M, o), J, L, P, f , fo, . . . , fc, g) = }^ }^ (-1 ) ' Id'-^ ® m°P ® Id^ . 

q>11<j<q l>^ 

Note that it is well defined by fairly standard compactness results, but now 
m°P (x) is in general a formal series with increasing cardinalities. From theorem 
I2A31 we get that 

Corollary 2.5.2. For defined as above, we have ra°P o m.°^ =Osothat [C^^-, ra°^ ) 
is a chain complex. 

Following the suspension procedure of remark |2.4.5l we get 



ra 



op 



sA 



= d^ 



(sA)< 



where d® is of degree iJ.(d®] 
setting 



-1 with respect to the grading \x. on sA. Then 



1® , 



Id^^, 



q>ll<j<q l>^ 

one obtains that d® o d® = 0. 

Moreover, using the usual Koszul sign rule f (8)g(xi ®X2) = (— 1 j^^s^^^''^ (xi ) ( 
g(x2), we compute that the d®(xi ®X2] = d® ® Id(xi ®X2) + Id0 d® (xi ^xj) = 
d® (xi ) 0X2 + (— 1 ) ^^"1 ^xi (g) d® (x2], where now |j.(xi ) = jxi | — 1 , so that it satisfies 
the usual Leibniz rule. 

Therefore we get back to the algebraic formulation of IICLI : 
Corollary 2.5.3. For d® defined as above, we have d® o d® = and d®(xi ^xj] = 

d®(xi) ®X2 + (-l)^'*''i^xi (8)d®(x2] so that ((sO®, fj,), d®] is a differential graded 
algebra. 



Chapter 3 



MODULI OF QUILTED (g)-CLUSTERS AND 
COMPLEX MORPHISMS 



Using a construction of |MW| , we now give a description of the source spaces 



used to define morphisms of complexes. 



3.1. Moduli of marked quilted disks 

Definition 3.1.1. Let Dc be a complex disk and xq G 9Dc. A complex disk C C Dc 
tangent to dDc at xq is called a seam ofDcatxo- Then a pair (D, C), where D G K^^i^ 
and C is a seam of D at xq, will be referred to as a quilted marked disk and Qf^^ will 
denote the space of such disks. 

Canonically, Qc^k = K^^i^xjO, 1 [ with the second factor corresponding to the 
radius of the quilting disk, and notice that under the biholomorphic map that 
identifies Dc with the upper complex half -plane sending xq to oo, 9C is sent to 
a horizontal line. 

This space allows a Deligne-Mumford-Rnudsen type compactification Qi^y^ 
which admits an orientable [^—^ + 2k) -dimensional singular manifold with 
comer structure (see figure |33]>- The case k = gives the Stasheff multiplihedra 
and otherwise we rely on the complexification of the multiplihedra defined in 
lOVlWJ. We first recall its construction as a moduli of scaled marked genus zero 
Riemann surfaces. 

Definition 3.1.2. Let (I,xo, . . . ,Xf,zi , . . . ,Z)c,Z)c+i , . . . ,Z2k) be a marked genus zero 
(possibly nodal and unstable) Riemann surface. Let l'^^ be a smooth component of 
L and x^q^ be its closest marking to xq. Then a (possibly zero or infinite) transla- 
tion invariant (1,1 )-form cf)'^^ on I^^'Xxq^' is called a scaling on l'^^. Then the triple 
(I, Xq, . . . , Xf, zi , . . . , Z)c, Zk+i , . . . , Z2k, 4^)/ whcTC cf) is a choice of scaling for each com- 
ponent ofL, is called a genus zero scaled marked Riemann surface. 

An automorphism of scaled marked Riemann surface is an automorphism of marked 
Riemann surface preserving the volume forms. A scaled marked Riemann surface is 
said to be stable if its automorphism group is finite. Let Qq(C) be the set of stable 
genus zero scaled Riemann surfaces with q = £ + 1 + 2k markings. 
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FIG. 3.1. Qi,i 



In other words, the scaling preserving condition means that we now con- 
sider marked Riemann surfaces up to translation in the complement of xq in- 
stead of up to translation and scaling in the complement of xq as it was the case 
in section im 

Qq(C) is naturally endowed with natural cross-ratio coordinates giving it 
the structure of a complex projective variety with toric singularities (see corol- 
lary 10.6 of PMW||). We again choose to express the local charts in terms of 
labelings on combinatorial trees. 

Recall that a colored tree T is a tree with a special subset of vertices, called 
the colored vertices, such that a simple path from a leaf to the root meets ex- 
actly one colored vertex. Let X be a labeling on T, v be a vertex lying below 
its colored vertices and v be any colored vertex above v . Then X is called bal- 
anced if for every v the product of the labels over the simple path from v to 
V is independent of v. For any colored tree T, let X'^(T) be the set of balanced 
complex labelings of the interior edges of T. 

As with (nonbalanced) labelings, if T'^' < T'^', a balanced labeling X'^' on 
T'^^ defines a balanced labeling X'^^|j(i) by taking 

x(2)|,„ (I) = x(2) (I) . nx(2) (!') nx(2) (n, 

I' I" 

where the products are over contracted edges I' that are below I and connected 
to I by contracted edges only and contracted edges I" above I that are part of a 
sequence of contracted edges connecting I with a colored vertex. 
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Proposition 3.1.3. [MW|] Let Qq,T(C) C Qq(C) be the strata of the scaled marked 
curves having combinatorial type T. Then, there is an isomorphism -[\)jfrom a Zariski 
neighborhood of J [C] x{0}in Qqj(C) xX'^(T) to a Zariski neighborhood y[Q^j[C]] 
o/Qq,T(C)mQq(C]. 

Note that here, again, Qq,T(C) is not a compact subset and that, in gen- 
eral, the above proposition cannot be extended to model a neighborhood of 
its closure Qq,>T(C], unlike in the unquilted case. More precisely, the balanc- 
ing condition on the labelings implies that QqjlC) is generally a toric singular 
stratum (see figure I3l2]) . 




X1X3 = X2X4, 



Fig. 3.2. Singularity in Qt 2 
Definition 3.1.4. Set as the anti-holomorphic involution on Qq (C] defined by 

O"C,k(^,^0)--M^e>2;i,...,Zk,Zic+l,...,Z2lc,4>) = (I,Xo,...,X£,Zic,...,Z2k,Zi,...,Zic,4>). 

Define Qi^\^['R) =fix[<yi^\^] and call its elements real scaled marked surfaces. Then 
l^t Qf^ic C Q{^ic(M) be the closure of the set of the smooth real scaled marked spheres 
(CP\cxD,xi,...,X£,ZT,...,Z2k,4^) such that 

• Xj E MP^ , < j < £, with xq < xt < • • ■ < Xf, 
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• zh G e+ c C = CP\{xol 1 < H < k, 

• 4) = y dz A dz, luith y e M+\{0}. 

Remark that Qi^ is the geometric realization of Stasheff multiplihedra (IStal]) 
as a space of quilted disks ([MWJ). Even though )^ is not a manifold with cor- 
ners, it still has embedded boundary components B(Qf^i^) = UBm(Q£,k)/ each 

m 

component having a combinatorial type encoded in a colored tree with at least 
one interior edge. 

Also, the natural projection Qc^j^ = Kf^i^xjO, Kf^jc extends to a natural 
projection Qf^i^ Kf^j^ defined by forgetting the scaling and stabilizing. 

As in [MW], we can make the charts t[>t restricted to Qf^k explicit in terms 
of simple ratios. Let T^'^'' be a maximal colored planar tree, corresponding to a 
marked nodal quilted disk Djmax with every smooth component being either 
a disk with 3 boundary markings and no interior markings, a disk with one 
boundary marking and one interior marking or a quilted disk with one bound- 
ary marking. The planarity of T"^'^" makes the set of markings {xi , . . . , Xf , zi , . . . , Zk} 
into an ordered set To every trivalent vertex v of T"^'^" we as- 

sociate a marking yy. v being the uppermost intersection point of a simple 
path from xjj to the root and a simple path from yj+i to the root. Then take 
Av = Uj — • To every uncolored bivalent vertex v of T"^'^" we consider the 
interior marking zh lying just above it and then set Av = Ira(zH). Finally, to 
every colored bivalent vertex v, we set Av = Im(S) to be the height of the seam 
S seen in the upper half -plane. Now on an interior edge I G E(T"^'^'') with top 

vertex Vq and bottom vertex Vb, we will consider the label Xfl) = 

^ll^f,k,TiT^'^''J U J 

D I ^ X(l) = ^ 

This will make the nodes correspond to zero labels on the corresponding 
edge of T. When there is no interior markings, ijjjmax corresponds to the sim- 
ple ratio charts of |MW|, taking real positive values. In general, the resulting 
labelings are complex, but still can be identified with real positive labelings. 
For example, in a sufficiently small neighborhood vfKj^i^jmax) of Ki^\^jmax, one 
can again extract the real part over the labelings. 

3.2. Constructing Q^C^fi^, the moduli of quilted ^-clusters 

As in section [L2l we now add a collar neighborhood to Q^^k that has again 
a decomposition that allows us to encode the lengths of connecting lines. 

Let Qc,k,T C Qf^ic be the boundary stratum of Q^^k corresponding to the col- 
ored tree T. Then by proposition 13.1.31 it has a neighborhood isomorphic to 
Qc,k,T X (T) where X*+ (T) stands for the set of balanced labelings on the in- 
terior edges of T with values in M+. Indeed, one can take T a maximal tree and 
associate to any labeling X'*+ (T) a marked quilted disk in the same fashion as in 
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the unquilted case except that now the height of the seam is computed by tak- 
ing the product of the labels below the colored vertices (see [MW]). For T non- 
maximal, we can proceed as in proposition 6.2 and corollary 6.5 of [MW], using 
the balanced labelings obtained by collapsing balanced labelings on maximal 
trees. 

Now we define a collar extension of )c as 
Definition 3.2.1. 

col(Q£,k) = U Q,k,>TxX[0'i](T)A 

T 

with (Q(1\X(1)) e Q^>T(i) xX[0'i](T(i)) ~ (Q(2),X(2)) g Q ^ >t(2, x xIO'H (T(2)) if 
. Q(1) = Q(21, " 

• T^^' > T'^^, that is, T^^' is obtained from T^^' by contracting some interior 
edges, 

• X^^^ is the extension o/X'^^ having 1 labels on the extra edges. 
Definition 3.2.2. For ] <^-^ +2k, let [(ICif^^)^^^^^ = coUQ£,k) and otherwise 
take i (ZClf^V^^^^ to be a point. 

Geometrically, one could see the above construction as an extension of 
using a local dual cell decomposition reminescent of that on the multiplihedra 
seen as a space of painted metric trees (see [ForJ). These cells are again given 
as balanced labelings of maximal colored trees having 1 labels over a subset of 
edges (see figure |3^ ). 

Although above the piecewise smooth (singular manifold with comers) 
structure would suffice, it will be convenient to smoothen the above charts and 
see that (ZCif^, the smoothened version, is isomorphic to Qi^^. As with disks, 
the combinatorial type of a cluster will be encoded in a painted tree T having 
one vertex for each smooth component. Let (ZC^f^ j be the quilted clusters 
having type T. 

Lemma 3.2.3. There exists a piecewise smooth isomorphism [ClC^f^]^^^^^ Qf,k 
sending ClC^f]c j Q,k,T/o^ every combinatorial type T. 

This is performed as in the unquilted case in appendix |Bl decomposing 
single ratio charts of Q£^ic- 

Definition 3.2.4. Let ClC^f^^ be i(lC^f^f^^^^ = coUQ?,^) endowed with the singu- 
lar manifold with embedded corner structure induced by the above identification. 

Recall that every 1-boundary of Q^^^ is naturally isomorphic either to a 
product Q£(i) ^(1) X K^(2) ^[2], where the second factor stands for an unquilted 
disk not containing the root, or to a product K^d) x Q^(2) ,^(2) x ■ • ■ x Qf(q) ^^(q), 
where the first factor stands for an unquilted disk containing the root and the 
q — 1 nodes. We immediately get that every 1-boundary stratum of QjC^f-^ is 
naturally isomorphic either to a product Q,^ri^i) x C\®{2] ^ product 

Aiso, the natural projection Q^^k defined by forgetting the quilting 

extends to a projection QjC^f-^ (T^fk summing the lengths of the lines 
touching a bivalent quilted disk. 
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Fig. 3.3. col(Qi^2) near its singularity 



3.3. Coherent system of perturbation homotopies 

In order to define morphisms between complexes built from two different 
choices of perturbation data, one needs to choose coherent perturbations over 
the quilted clusters that interpolate the two data sets. 

First, we set the family of nodal disks over which we will choose the inter- 
polation data. Let QUf^ A Q^^i^ be the nodal family of quilted marked disks. 
Again, we add metric lines between the components of the marked disks lying 
in the collar part of Q^^i^. 

Definition 3.3.1. for £ - 1 + 2k > 0, G = (Q,X) G Q£,k,>T x X^'^^^^J), take the 
marked nodal quilted disk Tr^[Q} and take its normalization modified so that the 
two markings corresponding to e & E^"^^(T) are connected by a metric line of length 
— log(X(e)). In addition, for every 1 < j < £ (resp. ] — 0), identify the origin of a 
copy o/]R+ (resp. ]R_) with the boundary marking Xj(Q) (see figure \3.4h For £ = 1 
and k = 0, consider the pair (M, [0, 1] ), and for £ = k = 0, associate to s e M- the pair 
(l_,[s,mm{s + l,0}]). 
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We denote the resulting by [n^) ^ ( G ) and refer to it as the quilted ' 
I leaves and k interior markings, associated with G G ClCif^. 



-cluster, with 



G 





Fig. 3.4. Quilted cluster [n^]-\G] associated with G 

Q = D(1'uD(2)uQ(1'U---UQ(4) G C2(Q4 8] 



Again in the case of quilted clusters, the half-lines are considered as semi- 
infinite ending to either a leaf or the root and a connecting line of infinite length 
is seen as a broken line. 

Definition 3.3.2. The points {vj (G)}o<j<c and the breaking points of G are called the 
endpoints of G. We call a quilted cluster irreducible if it does not contain any broken 
line. 

9G will denote the complement of the interior of the disks in G. 

Taking Q,1if^ = U (7t®)-i (G), we get a map 7t® : Q^lif^ ^ Q,afk and 

again, tt® will be thought as a universal family of quilted (S)-clusters. 

Definition 3.3.3. for every I and k, we set Vj : CiC^t\i ^ Q-'^fk' ^ < j < ^ ('''^^V- 
]=0) as being the smooth sections that map to the leaves (resp. root) of the ^-clusters 
and zh : (ZClf^ QJ^fk' ^ < It- < k f/ze smooth sections which map to the interior 
markings. Also, for every ]-boundary F G C-ilQ^C^fiJ, set vp : F — > (7r®]^^(F] c 
QJUf^ as the smooth section which maps to the breaking point associated with F. 

Now, given two coherent systems of ends [1^^-^\S^^''] and [1^^-^\S^^''] over 
{ClfiJi^k>0' one can use their preimage under the forgetful map QjJf-^ '^f'k- 
Note that the endpoints of any quilted cluster split as the endpoints lying be- 
low the seam and the ones above it. Let then [1/'^,S^) be the coherent system 
of ends defined by taking 

• ( T/'t ^ ' , 5 f ^ ' ] above the quilted disks, 

• ( '^(0', 5 under them, 

• over a quilted disk with ^ = 1 and q = (i.e. D\{xo,xi} = M x [0, 1], xq 
seen as — oo and x-\ seen as +oo), we use S^^^ over ] — oo, — 1] x [0, 1] and 
5'^' over [1 , cio[x [0, 1]. We then choose iteratively extensions over 
{Qi,k\k (see BWl). 
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It is again coherent in the sense that the endpoint neighborhoods over any 
component do not depend upon the deformations of its complement. 

(0) 

Definition 3.3.4. Next, take two coherent systems of perturbations P'^' = {Uf^ ^ 

^^^^ xj?(oi}c,„>o,ie£«nrfP'^^ ={Uf;^/^^' 0^^'^ x!/^%^^>o^e^lconstantover{^^'^ 
and respectively. 

Let IM^ X A [0, 1] &e smooth Banach bundle such that s^^ (i) = f^f'^^ x J^^\ 
i = 0,1. 

Let (ZC^f]^ [ ^nd QUf^ ^ be defined as in the unquilted case. A set of smooth maps 
Q^pH = {(lU®^^^ f^-H X such that 

(1) soip^^ ( = 1 and p[^,^ ( = p^^,^ [ above the quilted components and on the 5^^-* 
strip-like ends, 

(2) so-p^^ ( = and p^k i — pl'k i ^^^ow the quilted components and on the S^'^^ 
strip-like ends, 

(3) TTj/ op[^|^ [ C {0} X [0, 1] on the boundaries of the quilted components, 

(4) it is coherent with respect to the product structure of the boundary components 

is called a coherent choice ofhomotopy between P'°^ and P^^'. 

The procedure of lemma [T . 5 .41 provides the existence of extension operators 
so that generic choices over low dimensional strata can be extended to generic 
choices over strata of greater dimension. 



3.4. Orientations on {Q,C^£;j£,k>o 

We first notice that we can associate to every smooth quilted cluster G an 
operator D9g = 0©Dac : L^'^(C,TC,T9C) ^ M©C"^'^(C,TC), where C is the 
underlying cluster of G . Therefore, for £ — 1 + 2k > 1 we proceed to the identifi- 
cation coker(D9G) = M x TcC^f^ = Tq ClC^f^ where, as before, corresponds 
to the increase of the quilting circle radius. 

Definition 3.4.1. For G G (ZC^fk smooth, the reference orientation onDdg is taken 
to be (ZOf]^ = ^ ^fk "^^^^^ ^ a positive generator of the R factor of the target 
space. 

Now we find the combinatorial formula for the difference between the ori- 
entation dyClOf-^ induced on a component F G C][Cl,ClfiJ by Q,Ofi^ by using 
the usual convention, and its reference orientation given by a product of 0®'s 
and Q^O®'s. 

There are two different cases to consider, that is, F = Q,(r£^i j ^^(i > x Clf^2] ]^{2) 

and F = a® j^^ni x Q-^^?2,,^,2) x " " • x Q.C^?q),„(q) (see figureES- 

In the first case, it follows from the corresponding comparison formula for 
Q^^ic. That is the object of lemma [r.7.2l (also see lemma 3.4 of MWll ) and its proof 
only relies on the combinatorics of Kf j^. 

Lemma 3.4.2. Let > 1, C'^' > and k^^\k^^^ > such that [t^-^\k^^^] ^ (0,0). 
Then letM^ i^^ ' k = k(i ' and F = (ICl®, , , x e Ci ( Q,a^J 
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Fig. 3.5. The two types of boundaries of QiX- (^) lower facet (b) 
upper facet 

be a lower facet corresponding to an unquilted cluster attached on the leaf of a 
quilted one. Then 



-1) 



{£("-jKf^'+jOO® AO® 



Proof. For £ti' = 1 and k'^' = 0, F is the bottom face of QjOif^ so (-1 = 
is the outward normal. Therefore -A A-Of^ = QOf^ and ^yQO®^ = 

-O® 

Otherwise, we can take the outward normal to lie in a level set of the 

quilting radius parameter s and therefore see it as the outward normal to Clf-^- 
Then, by using definition 1 1 . 7. 1 1 and proposition 1 1 . 7. 2l we get 



__LAf-1l(^'"-''^'"+i — AO® AO® 
- A A f-il(«'' _L AO® AO® 



= 9^AO®, = aO®,. 



□ 



In the second case. 
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Lemma 3.4.3. Let q>^, £W - 1 +2kW > 0, 1 < i < q. Then let i = X^L^ 
k = L^;! kt^l and F = a®,^,,,, x x ■ • ■ x (lCi%^^,,, e (^a®,). 

Then 

Proof. Again, the result is direct if F is the top face of (ZC^f-^, that is, when 
= 1 and k^'^ = 0, 1 < j < q: ^ is the outward normal and ^ A Og^ = Q^Og^. 
Otherwise, if k^^^ > 1, 1 < j < q, we compute using appropriate coordinates 

in a neighborhood of F: 



Af-1in=i(q-^)t^''^-1)o® A no® A---AOO® 

_1_A0„„A...A^A0„„ 

H=2 j=ih=2 9Re(zl| '] d}ie{z\^') 

9 9 
^AO^(i)A...A 

k(i+i) q k'') a a a 

= A V''^AAO,u,A(-l)a..(^-'l-A— ^A...A— ^ 
h-2 » ).lh=2 " 3Re(zS ') aRe(zi^') 

9 9 

lc(q+l) q k»' g 

H=2 ^ i=1h=1 

= ^AA0,,A0, = AA0®, = a0?,. 

h=2 



□ 

3.5. Complex MORPHiSMS 

The goal of this section is to compare, via trajectories having quilted clus- 
ters as their sources, 

((a®)^°',(6®)f°') and ((a®)^^',(6®)f^'), two complexes built from different 
data sets by using an appropriate homotopy of these data. 
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As before fix c > 0, and let [Cl®)^'^ = a®(LW,fW,fJ'\...,4'^), i = 0,1, be 
the appropriately ordered products of critical points. 

We now define trajectories between E ((T^®)''^' and x+ G ((T^®)'^^ which 
satisfy the gradient and pseudoholomorphic equations associated with a co- 
herent system of perturbation homotopies QJP^ between P'^^ and P'^^. 

Let (c|)^)se[o,i] be a hamiltonian flow such that (^^ = Id and (t>"(L(°') = L^^l 
Let then : 4)^(L^°^) — > R be a Morse-Smale family of functions. Then, the 
bundle [0, 1] will be chosen so that the fiber over s is a Banach space 

tangent to in the space of smooth Morse-Smale functions on L. Also, let 
(Js^)se[0,l] be a smooth homotopy between j''^' and j'^' in J(TM,cu). Then, 
[0, 1] will be chosen so that the fiber over s is a Banach space tangent to in 
J(TM, tu]. Finally, for every pair < ri < r2 < c, choose a smooth Morse-Smale 

homotopy {f|^ — f];^} ^ [0, 1] from f|^' — f^^J to ~ choose a metric 

homotopy — > [0, 1] from g^°^ to g^^\ 

Now choose QP^ = iOJ^t^^ ^ ^%,k>0,leil a coherent system of 

perturbation homotopies between P^°^ and P'^^ such that for any k > 1, p[^,^ ( 
is the puUback of p[^Q , via the forgetful map (ZClf^ [ — > QjClfo [ so that the 
perturbation data does not depend on the position of the interior markings. 
Note that this still allows a very general choice of almost-complex structures 
over the quilted disks. 

As to define the differential in the monotone setting, we forget the interior 
markings over quilted clusters. For every £, k > 0, I e £ and quilted O-cluster 
G G (ZClfy. J, we consider the configuration resulting from forgetting its interior 
marked points, but without stabilizing it, and shall refer to it by G ' G Q,df j. 
Again, removing the interior markings on a monovalent or bivalent unquilted 
disk or on a monovalent quilted disk will result in instability. However, as for 
non-quilted clusters, the orientations of DBq/ naturally correspond to those of 
D9g. Moreover, a monotone coherent system of perturbation homotopies QJP^ 
defined as above defines a perturbation homotopy over any G' G ClClfi- 

Definition 3.5.1. Let x" = xj,^ ^ . . x^''' G ( a® ) flnrf x+ = xj^ ^ . . xJJ) , . . . x**^ ' . . . xj^^', G 

^^£® j-^Q generators with £f^' > 1, 1 < t < q. Consider a pair (u, G) such that 

(1) G = G(i) X ■ • ■ X G(i) G aagij X ■ • ■ X (ICI%, 

q , , 

(2) u : G = LI G^^J — > M continuous such that VI < r < q, 

r=l 

(a) u(vj ( G ) ] = x|^' for < j < £^^', this naturally defines a labeling on the 
endpoints o/G^^', 

(b) u(p) c (t)^^pH(p)(I-)Jorez7en/p G aG^, 

(c) over every line I of G , u satisfies the gradient equation du( — ^ (p ) ) = 

-VqH ^(7t^op"(p))ou(p)VpGl, 
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(d) over every disc d 0/ G u satisfies the pseudoholomorphic equation duo 
j(p) = [jzy op'^(p))(u(p)) o du(p) Vp e d, where j is the underlying 
complex structure of d. 
As in the non-quilted case, over such a trajectory, one can consider the linearized 
Cauchy-Riemann operator D9u on u*TM — > G with boundary conditions uIggTL — > 
9G and path of matrices A given by the hessians of the functions determined by QP^. 
As above, take (G,u.Ou) where (G,u) is a trajectory and Ou is an orientation o/D9u 
and denote [(G,u.Ou)] the homotopy class of these data modulo permutations of the 
interior markings over every quilted cluster. 

We call [(G,u.Ou)] a quilted Floer trajectory from x"*" to x~. We define its index 
|j.([(G,u.Ou)]) = M.(x^) — |J.(x+) + (j.(Fu) and its area a)([(G,u.Ou)]) by the area of the 
trajectory with boundary in L^'^^ defined by applying cf)^ over the partially quilted part 
o/(G,u.Ou). Define QF(x+,x^) as the set of all the quilted Floer trajectories from x+ 
to x~. 

We then define a map that counts rigid quilted trajectories between ele- 
ments of and ((T^®)^^'. We start off with defining intermediate opera- 
tors that have cardinality £ inputs and cardinality 1 outputs: 

if X is a generator of (Cf® ) ' with q (x) = £, we define 

u)M 

H£(x) = Y. L < (I0f#0f, O® > x-t^. 

x-e(a®)(°l [(G,u,Q,0f)]eQF(x,x-) x-tW 
q(x-)=1 ^([(G,u,(10f )])=-(«-!) 

where the orientation over every (G,u) is chosen via the following exact 
sequence of operators: 

^ C'^(G,TG,T9G) . L-'P(G,u*TM,u*TL) . ^7rn[v:fJ!^rtJ!'^ * ^ 



Da 



G 



^ R X L5^^-i'P(G,TG) L^-^'P(G,u*TM) 



xL^i'^^'T'lGJG] 



The right-hand side operator can be made surjective, and hence an isomor- 
phism, by choosing generically QV^- So, if we orient D9g as Q,Of , its refer- 
ence orientation obtained from Q^Of-^, D9u inherits an orientation denoted by 
the same symbol. 

We extend to a A-module map and define the morphism H on arbitrary 
elements as 

Note that it is well defined by compactness of both M and L, fairly stan- 
dard Gromov-type compactness results for pseudoholomorphic discs with la- 
grangian boundary and the usual compactness results from Morse theory. 
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Proposition 3.5.2. H, defined as above, is a cochain map from (5®)'^^^) to 

((a®)f°\(5®)(°^). That is, we have Ho [8® = (5®)(°5oH. 

Proof. Again, the transversality results of section HI the gluing theorem of 
MBCII and some standard compactness results, the composite trajectories counted 
by H o (6®) — (S®)''^^ o H are in 1:1 correspondence with the boundary of a 
compact 1-dimensional piecewise smooth manifold. Actually, we can now as- 
sume simplicity of the 1-dimensional families of Floer trajectories by further 
choosing generically the perturbation over the quilted disk components. 

It remains to see that the two composite trajectories corresponding to the 
two ends of a connected component of this moduli space are counted with 
opposite orientation. Again, the computations are performed in IIWll , and 
moreover, lemma 1.9 of IIW2II allows one to assume that the trajectories have 
cardinality one targets, but include a full verification for completeness. 

Indeed, we see that each of these compositions is counted by either 

(_1 ® ® Idtq-f, 

so by lemma 13.4.21 it is counted with orientation 

(_1 )ZU (q-i)(«'^'-i «'^'H)f+0-i ) Q^o® J A ■ • • A 0,0®^, A Of = 

0,0® , A • . • A «™)«+(j-i)-Zr^ Q^o® , A Of) 

A---AOO®,,= 

(-1 ) 00® , A . • ■ A 9f 00?.,+,_i A . . . 00,^,, 
where O = ^(q-i)(£W-1) + ^;"^ £W + (q-r)(£W+£-1),or by 

(_1 ) (q-r)«'+(r-l ) j^(r-1 ) ^ ^ i^(q-r) ^ 

(_l)ZLr-^'(q+(^'-iM)(^''^'-i)H,,,,,^...^H,,,^^,,,_,,,, 
so by lemma 13.4.31 it is counted with orientation 

^_l)Z?-'^'-^'(q+(^'-lM)(^'<^'-lWq-r)£'+(r-l)^^^ 

Y_ (q-i)(«(^'-l]+(q-r)^f(£'(^+('-")-1)+(«'-1)^;-V{'(^'-l]+(q-r)r+(r-1)+^;-i 

i<r 

(^_-| ji>r+(C'-l) 
A...Q,C®(q + ,f,_i))) = 

(-1 0,0® , A . • ■ A 9p, 00^.,+,_i A . . . 00®,, 
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The conclusion is that each broken trajectory induces (—1 ) times the out- 
ward normal orientation on its 1-dimensional glued family. Since O is constant 
along the homotopy class, we get the result. 

□ 

3.6. HOMOTOPIES BETWEEN COMPLEX MORPHISMS 

The goal of this section is to relate complex morphisms H^'^^ and H^^^ built 

from different coherent systems of perturbation homotopies Q,P^'°' and Q^P*^*^'. 
We want to verify that they are homotopic and consequently complete the 
proof of the functoriality of the (g)-complex construction. 

Choose a smooth homotopy (Q,P'^'^']te[o,l] from Q^P*^*"' to QP^^^^ so that 

Q,P"'" satisfies definition|33l]for all t e [0, 1]. Take [0, 1] x (lC^f^^ and puUback 

the universal curve QJUf^ Q-^^^f ic- Th^ri one can choose to use Q^P*^'*' as a 
choice of perturbation data over {t} x (ZClfi^. 

Then, one defines a pair [(G,u, Ou)] a t-quilted Floer trajectory from x+ to 

X as being a Floer quilted trajectory with perturbation data given by QF^ ^ 
(see definition 13.5. 

We then define a differential map that counts rigid t-quilted trajectories be- 
tween elements of ((T^®]'^' and (a®)^^' with t varying in [0,1]. We start off 
with defining intermediate operators that have cardinality £ inputs and cardi- 
nality 1 outputs: 

if X is a generator of ((T^®)'^' with q(x) = £, we define 

x-e{a»)(0' [{G,u,^AQ,Of)]etQF(x,x-) 
q(x-)=l ^{G,u)=-{{) 

where the orientation over every (G,u) is again chosen via an exact se- 
quence of operators with this time the source operator being © D9g and has 
reference orientation ^ A Q,0®. Again, the right-hand side operator in the 
associated exact sequence is made an isomorphism by choosing generically 

Q,P'^'^' and D9u then inherits an orientation also called ^ A QjOf. 

We again extend k^*' linearly and define the homotopy K on elements of 
cardinality ^^L^ £'^' = q' as 

q>1 q' p=1 te[0,l] 

Proposition 3.6.1. For K, defined as above, is a cochain homotopy between H^^^ and 
H(°'. That is, we have \\^^^ - H(°) = K o (5®)(1) + (6®)(0) o K. 

Proof. Again, by choosing generically the perturbation data and applying the 
arguments of sectionHl the composite trajectories counted by H^^' — H''^^ — K o 
(^5®)(i) _ [5®)(0) o K are in 1:1 correspondence with the boundary of a compact 
1-dimensional piecewise smooth manifold. 
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It remains to see that the broken trajectories corresponding to the two ends 
of a connected component induce opposite orientations on their homotopy 
class. Using lemma 1.11 of |W2| , we will assume that the target of the tra- 



jectories are of cardinality 1 . 

First, -Ko (6®)^) counts with 

so by lemma l3.4.2| it counts with orientation 

Second, -(6®)(°5 o K counts with 
so by lemma 13.4.31 it counts with orientation 

-i-^)^U ) (-1 )^ (-1 )rL-; (^'^'-1 ) of A , A • ■ • A A A a0j„ A ... A dO^, 

- -(-1 1 A Of A dOf,, , A ... A (10®,, A ... A (^O® , 



= 9f(^A(10« , 



9 

Since, by construction, H'^^ and — H'°' also count with orientations that in- 
duce outward normal orientations on their glued families, we get the result. 

□ 

Proposition 3.6.2. For H^^^ a cochain map between ((a®)f'+''\ (5®)'^+''') and 
(((T^®)*^', (5®)'^^), i = 0, 1, defined as above , and H'^^°f'^' a cochain map between 
((a®)*^',(6®)f^') and ((a®)^°', (5®)^°') built from the concatenation of their per- 
turbation homotopies. Then H^^' o h'^^ and h'^^'°'^'^' are homotopic. 

Proof. Again, by choosing generically the perturbation data, the composite 
trajectories counted by H''^^ o h'^ ' = h'^ are seen to be in 1:1 correspondence 
with the boundary of a compact 1-dimensional piecewise smooth manifold by 
the same techniques as in section HI 

This time the 1-dimensional homotopies are modeled upon an extension of 
the spaces of biquilted disks {^,k}£,k>0/ these having the same type of "balanced 
labelings" local charts as Qf^^ (see [ MWWJ ). Loosely speaking, the radius of 
larger seam will encode the position of the perturbation data that defines H^^' 
while the radius of the smaller one will encode the position of the data corre- 
sponding to H''^^. 

The 1 -boundaries of the space of biquilted disks come in four types (see 
MM WWII ) illustrated in figure |3^ Type (a) rigid Floer trajectories correspond to 



61 



those counted by H^'^^ o H^^', while type (d) rigid Floer trajectories correspond 
to those counted by H^^'°'°'. Finally, the trajectories modeled on type (b) (resp. 
(d)) correspond to those counted by Ro (5® ) (resp. (6® ) ''^^ o R), where R stands 
for the homotopy that counts rigid (ti ,t2)-biquilted Floer trajectories. 







id) 



Fig. 3.6. Types of facets of ^^ic 



It remains to see that the broken trajectories corresponding to each term 
induce opposite orientations on their homotopy class. This sign computation 
is again very similar to the verification of proposition |3.6.1[ proceeding as in 
I1W2J. 

□ 

A consequence of the above propositions is that the complex built using 
only one Morse function and perturbations, that is when we set c = 0, is equiv- 
alent to the ones built from many. More precisely, let (^^^^f^ f be the 
complex obtained with c > 1, ((T^^pS®) be the subcomplex generated by the 
product of critical points of f only and ^ pS®] the subcomplex gener- 

ated without the critical points of f . In the monotone setting, these complexes 
support filtrations 

((<^^{?,fo,...,fc}^<'^+d'^^)d>o ^"""^ (^^^{f}^^^+'^'^®)c+d>i generated by products 
of length c + d or less. 

Corollary 3.6.3. For c,d > 0, (^{Clf^^^ fj)<c+d,5®) and ((afjj)<c+d,5®) are 
homotopy equivalent. 

Although the underlying morphisms of complex are built just as before 
using quilted trajectories with the appropriate perturbation datum above and 
below the quilted components, this requires more explanations. 

Proof. Let (^{C^f^,^]<c+d,Q^ 5|) be the complex built just as (^[Cif^ f j)<c+d, S® 
but having its labeled generators coming from the function f only. This means 
that its differential generally uses different perturbations for different label- 
ings. 

AmorphismH: ((a®f^^. .^f^P<c+d,6®) ^ ((a® )<c+d,£,6f ) is defined by 
taking the perturbation data associated with 6® above the quilted components 
and the perturbation data of under them as in definition 13.3.41 Notice that 
a trajectory from Ci®^ i ^^f^} induces a labeling on the root collection of 
critical points of f . 
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To define a homotopy inverse morphism 

H' : ((a® )<c+d,£,Sf) ^ {^<^^tfo,.:,fJ<c+d^^^) we have to use trajectories 
with a labeling on the leaves even though they are mapped to critical points 
of the same function. H' is then defined by taking the perturbation data of 8^ 
above the quilted components and the perturbation data of 5® below. 

Then, H' o H and H o H' is seen to be a homotopy equivalence. Indeed, 
proposition |3.6.2| ensures that H' o H is homotopic to the chain map built from 
the concatenated perturbation homotopies. We can choose this concatenation 
to be homotopically trivial, so H' o H is homotopic to the chain morphism from 

f |)<c+d)S®j to itself built with the trivial perturbation homotopy. 

As it is usual in Morse homology, the latter must be the identity, simply be- 
cause it counts the same trajectories as 6®, but with index one lower so the 
only possibility left is the constant trajectories having lines as sources. 

It remains to see that (^((r^|®})<c+d,£,S|j and (^[Cif^^]<c+d,^^^ are equiva- 
lent. Notice that when defining ^((r£^j)<c+d,£)5f one could have only used 

the trivial label perturbation data of 5®. Therefore, ^((r^|®j)<c+d,£> j is equiv- 
alent to a complex that is invariant under changes of labelings, but the latter 
reduces to ( [Cl?^,)<c+di ) when forgetting the labelings. □ 



3.7. Categorical formulation 

The results of propositions 12.4. 3[ 13.5.21 13.6.11 and 13.6.21 could be stated in 
a more compact form. Let L^°'^°'^{l\A,w) be the category whose objects are 
tuples (L, J, P, f , g) where: 

• L is a closed embedded monotone GIn.(M) lagrangian submanifolds of 
(M,cu), 

• J is a cu-tamed smooth almost complex structure, 

• (f, g) is a smooth Morse-Smale pair, 

• P is a coherent system of perturbations of J and f, 

withHom^^ono,.(M,a,)((L(°\j(°\p(°\f(°\gt°'),(Ln)jn),pn),f(i),gn))) be- 

tng made of pairs (cf'H, QP^] where: 

• 4)]^ is a hamiltonian isotopy such that (t)^(L'°^) = L'^^, 

• QP^ is a coherent perturbation homotopy from P^'^' to P^^' along a 
smooth homotopy from (j'°^ff°', g'°^) to (J^^',f^^', g^^'). 

Definition 3.7.1. Let hL^°^°'^[M,(jo] be the quotient category obtained from i:"^°"-°'^(M, cu) 
by identifying homotopic morphisms. 

Now write A-mod for the (abelian) category of A-modules, K(A-mod) for 
the category of cochatn complexes over A-mod and hK( A-mod) for the (trian- 
gulated) homotopy category of the latter. 
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Theorem 3.7.2. 

h.i:^°^°'*(M,a)) hK[A-mod) 

(LJ,P,f,g) I ^ (ag}(M,a),LJ,P,f,g),6®(M,a),LJ,P,f,g)) 

is a contravariant functor. 



Chapter 4 



REGULARITY FOR SPACES OF FLOER 
TRAJECTORIES 



This section is intended to establish the regularity results needed in theorem 
12.4.31 and propositions I3.5.2[ 13.6.11 and I3.6.2[ This is performed by adapting 
the reduction to simple trajectories procedures of |BC] making use of the disk 
decomposition results of [Ll and the monotonicity hypothesis. 



4.1. Decomposition results 

We first set some conventions. Throughout this section, a generic subset of 
a topological space will mean a second category subset in the sense of Baire, 
that is, a countable intersection of open dense subsets. Let, as in section 12.41 
3 = 3] = expj(Bj c C^lMjTjJfTM, cu))) be a Banach chart of smooth cu-tamed 
almost complex structures on (M, cu) being relative to J (see [F2J) and f^ff = 
expf(Bf c C'^(L,]R)) be a Banach chart of smooth Morse-Smale functions on 
(L, g) being relative to f . 

Definition 4.1.1. A Floer trajectory configuration u : (C, 9C) ^ (M, L) is called sim- 
ple if the following conditions are satisfied: 

• u|d is simple for every D g Disks[C), that is, for every disk DofC there is an 
open and dense subset S C D such that du|D(s) 7^ and u|q^ ("U-lofs)) = s/or 
all s e S, 

• the maps {u|D}DeDzsfe(C] absolutely distinct, that is, there is no disk D of 
C such that u{D] c [j u(D'), 

D'eD!sfa(C]\{D} 

• the maps {■u.|L}LeL;wes(C) absolutely distinct, that is, there is no line segment 
L of C such that u(L) c [j u(L'). 

L'eLmes(C)\{L} 

By standard arguments (see |MS| ), for generic pe3x^ = 3]X^iX 1 -fo x 



. . . iWfc fc 1 and associated coherent perturbation data Pp, we get over every 
such simple u an exact sequence of operators: 
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L^'P(C,TC,T3C) ► L"^'P(C,u*TM,u*TL) ^ \ J^^^ J, ^ - 



Da 



c 



D9 



u 



DBu/DSc 



^ C-i'P(C,TC) ^ L"^-i'P(C,u*TM) ^ -= / ' ^ ^ C 

Lr^'^(C,TC) 

where DS^^/DSc is surjective and therefore ker(D9Tj^/D9c) is of dimension 
IrLd(D9u) — IrLd(D9c). The latter can be seen as being isomorphic to TuTl 
where Tl is the moduli of (simple) Floer configurations near u with source 
in the same open stratum as C. Combining this with lemma |1.5.4[ the spaces 
of simple Floer configurations are smooth for generic pairs (p, Pp). 

Our goal is now to show that, in the monotone setting, over a generic subset 

rpe^t9en ^ ^'grt = {(p, Pp) |p G J?j X fMf X fMf^ ^f^ X . . . fMf,_f^_^ , 

Pp monotone coherent system of perturbations of p vanishing on 'P'}, 

^ being a coherent system of ends, the considered Floer trajectories are simple: 
Proposition 4.1.2. Let L c (M, cu) be a monotone lagrangian submanifold with Ni_ > 
2. There exists a generic subset (Pert^^"^ c (Pert such that for every (p, Pp) G 'Pert^^'^, 
every Floer configuration u: (C,9C) [M^L) satisfying Pp and such that Ind(D9u) < 
— (£ — 2) + 1 is simple. 

Then, we will get the following regularity result: 
Corollary 4.1.3. The spaces of Floer trajectory configurations having their source in 
the same open stratum as C e Cif^, satisfying (p,Pp) G (Pert^^^ and Ind(D9u) < 
—(£ — 2) + 1 are smooth manifolds of dimension Ind(D9u) — Ind(D9c). 

The proof of proposition 14.1.21 will be based, as in IBCfl , on the following 
fundamental result of Lazzarini (|L|): 

Theorem 4.1.4. Let J G J?(M,uj) be any smooth uj-tamed almost complex structure 
on (M, cu) and v : [Dc,9Dc) (M.,1-) be a nonconstant ]-holomorphic disk. Then 
there exists a graph (^[v] c Dc ivith 9Dc C (j[v) such that for every connected 
component 'D c D(c\^(u), there is a surjective holomorphic map n-^: (©,9©) 
(Dc,9Dc) and a simple ]-holomorphic disk : (Dc,9Dc) L) such that 

V |^= o n^. 

Ifmq) G N stands for the degree ofn-^, then, in H2(M, L), we have 



[v] = ^rag,[vg)]. 



To improve the readability of the general argument, we first prove propo- 
sition |4X2] for n = dira(L) > 3. In that case, theorem 14. 1 .41 has a stonger state- 
ment: 
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Theorem 4.1.5. Ifn > 3, then for a generic choice o/ J G J(M, cu), any nonconstant 
]-holomorphic disk v : (Dc, 9Dc) (M, L) is multicovered, in the sense that there ex- 
ists a simple j-holomorphic disk r(v) : (Dc, SDc) — > (M, L) and a surjective holomor- 
phic map n : (Dc, 9Dc) — > (Dc,9Dc) such that v = r(v) on and n^^ (9Dc) = 9Dc- 
Therefore, m H2(M, L), we have [v] = m[r(v)] where m > 1 z's the degree ofn. 

Also, in that instance, we have a nonoverlapping result for absolutely dis- 
tinct simple discs (see lemma 3.2.2 of [BC]): 

Lemma 4.1.6. n > 3, then for a generic choice of ] E J7(M., cu), any two simple 
]-holomorphic disk : (Dc, 9Dc) (M)l-), i e {1,2}, with v-\ (Dc) Cl^ii^c) being 
an infinite set are such that either v-\ (Dc) C V2(Dc) and vi (9Dc) C V2(9Dc) or 
V2(Dc) C VI (Dc) and V2(9Dc) C vi (9Dc). 

4.2. CASEn>3 

Proof of proposition |4J^ for n > 3. First, it will be convenient to define 
combinatorial operations, called reductions, on clusters that are built from ele- 
mentary cut and paste operations called elementary reductions. These are mo- 
tivated by the reductions of the Floer trajectories allowed by the above struc- 
tural results for J-holomorphic disks. 

Definition 4.2.1. An elementary reduction ofCe Ctf^ is defined as the result of one 

of the following cut and paste manipulations: 

I) Let D G Disks{C), k(D) be the number of interior markings in D and d e N 
such that d|k(D). For any holomorphic map n : (D,9D) (Dc,9Dc) of de- 
gree d, one can define an object ri(C) by removing D\{xj(D)}o<j<£(D)/rom C, 
attaching Xj(D) to 7r(xj(D)) G 9Dc/or < j < £(D) and marking the points 
{7t(zh(D))}^^^^k(D) (seefigureEB- 




Fig. 4.1. A type I elementary reduction of C 

II) a) Let Dt,D2 G Disks{C] with lying above D] and l : {xj(D2)}i<j<f(D2) ~^ 

9Dt . Then one can consider the object (C) defined by removing D2\{xj (D2)}o<j<£(D2) 
and the line touching xq{D 2) from C, and then attaching X][Y) 2) to L(xj(D2)), 
1 < j < £(D2) (see figure^. 
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C riia{C) 



Fig. 4.2. A type Ila elementary reduction of C 




C riibiC) 

Fig. 4.3. A type lib elementary reduction of C 



b) Let Di,D2 G Disks[C] with Di lying above Dz and i : {xj(D2]}o<j<f(D2) ^ 

9Di . Then one can consider the object rnb (C) defined by removing D2\{xj (D2)}o<j<£(D2) 
and the line touching xq[D-\) from C, and then attaching XjiDj] to L(xj(D2)), 
< j < £(D2) (seefigureW3. 
Ill) For every leafvj o/ C, 1 < j < £, let Cj be the cluster made of the lines and the 

marked disks through which every continuous path from vq to Vj must go. Then 

one can consider the cluster riii[C) — \J Cj (see figure d Ah 

1<j<£ 

A composition of a finite number of elementary reductions is called a reduction. 

Note that the objects resulting from reductions are not exactly (8)-clusters as 
the incidence points of some lines might coincide, and moreover if that hap- 
pens, the ribbon structure is not well defined. However, the choice of a pertur- 
bation P|c over C e Cif-^ naturally defines one over any of its reductions r(C) 
that we will denote by r*(P|c], and a tangent operator DSt^c) is still defined. 
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Fig. 4.4. A type III elementary reduction of C 



We fix a coherent system of ends and proceed to the choice of generic 
elements of S'ert = {(p, Pp] |p G J7j x fMf x fMf, x . . . fMf^-f,_, , 
Pp monotone coherent system of perturbations of p vanishing on T^}. 

Let us first restrict ourselves to the subset 2'ert^'^'^ C 'Peri defined by re- 
stricting the J7j factor of p to the generic subsets coming from theorem 14.1.51 
and lemma |4.1.6[ 

First consider the usual universal moduli space of Floer trajectory configu- 
rations 'Ziniv = {(u, C,Pp)|u: (C, 9C) — > (M.,L) Floer with respect to Pp, 
Ind(D9u) < -(^-2) + 1} ^ S'ert^^'^. Not every trajectory (u,C,Pp) of liniv 
needs to be simple, but since we restricted to Perf^^, any trajectory can be re- 
duced to a simple trajectory having a reduced cluster as its source. This can be 
achieved as follows: 

1) Reduce iteratively every nonsimple disk using theorem 14.1.51 together with 
the induced type I reductions over the source. 

2) Eliminate iteratively every disk D of the resulting trajectory that is sent into 
the image of the other disks using lemma 14.1.61 together with the induced 
type II reductions over the source. After each step, one might additionally 
perform a type III reduction. 

3) Perform a type III reduction over the source. 

4) On the linear parts of the trajectory where the lines satisfy the gradient flow 
of a single Morse function, then nondisttnction of the lines should also be 
eliminated. These trajectories are reduced as in | | BC| , bypassing the disks 
lying between nondistinct lines. 

Denote the resulting reduced trajectory configuration by (r (u) , r ( C) , r* ( P | c ) ) 
and notice that it is simple in the sense of the natural adaptation of definition 
14.1.11 Also note that a nonsimple trajectory configuration of liniv might be 
reducible in many different ways. 
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We will then consider IZniv^^'^ = {(r(u),r(C),r*(P|c))|r(u) : (r(C),9r(C)) ^ 
(M, L) reduced Floer 

with respect to r*(P|c),Ind(D9^(^)) < -(£-2) + 1 - 2} ^ fPerf'^^ the space of 
every possible reduced, and therefore simple, trajectory configurations. 

As with liniv, one can use standard perturbation arguments to show that 
for a generic ^Pert^^"^ c iPert^'^'^, then for every simple (r(u),r(C),r*(P|c)) G 
liniv'^'^'^ above S'ertS'^"^, we get an exact sequence of operators 



'P(r(C),Tr(C),T9r(C)^ L"^'P(r(C),r(u)*TM,r(u)*TL) 

D9r(C) D9t{u) 

C-i'P(r(C),Tr(C)) " L^-^'P(r(C),r(u)*TM) 



L^'P(r(C),r(u)*TM,r(u)*TL) 
L^'P(r(C],Tr(C],T9r(C)) 

D9T(u)/D9r(c] 

L"^-i'P(r(C),r(u)*TM) 



Lr^'P(r(C),Tr(C)) 

where Dd^f^^^/Ddyf^Q-^ is surjective and therefore ker(D9^(^j/D9^(cj) is of di- 
mension Ind(D9^(y^)) — Ind(D9T.{c))- 

We argue that every trajectory configuration (u, C, Pp) G liniv above S'erfS^"^ 
must be simple so we get the desired result. Indeed, if (u, C, Pp) is not simple, 
then we can apply a reduction r on it and get the reduced exact sequence 14.21 
Since Ind(D9^) < -[i-2] + 1, that Ind(D9,(q) > Ind(D9c) +2(k-k(r(C))) = 
— (£— 2+2k(r(C) ) ) and that the monotonicity hypothesis implies that Ind(D9^(^ 
Ind(D9u) —2, we must have 



< 



Ind(D9,(^)/D9,(c)) = Ind(D9,(^))-Ind(D9,(c)) 

<-(£-2) + 1-2+(£-2 + 2k(r(C))) 
= 2k(r(C))-1 

Remember that Dd-^^^^'^/Dd^i^Q) must have a kernel of dimension at least 
2k(r(C)) due to the invariance of J over the disks that allows the position of 
the interior markings over the reduced trajectory to be changed according to 
2k[r(C)] real independent parameters. Therefore, it must have a cokernel of 
dimension at least one, but that is impossible for a simple configuration lying 
above 2'ert9''^. 

□ 



4.3. CASEn<2 

Proof of proposition I4.1.2I for n < 2. We will use the same ideas as in the 
case n > 3, except that in the present case we must make use of the more gen- 
eral theorem 14.1.41 leading to the use of more general reduced trajectories. 

Therefore, we define a generalized reduction procedure over clusters. 
Definition 4.3.1. A generalized elementary reduction of C E Clf-^ is defined as the 
result of one of the following cut and paste manipulations: 
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I) Given D G Disks{C], G C D a graph with 9D c G and a surjective holomorphic 
map Ttjj: ['D^d'D) — > (D^ijSD®) = (Dc,9Dc) /or euery connected component 
© o/D\G. One can de/i'ne an object t\[C] by substituting D for a nodal disk 
D' = UD© where a node n^)^^®^ ^ D^?^ flD^^/ ®i 7^ ®2/ nrus^ be such that 



D 



n-^[rLr[)^ ^2)2 ) — '^jt'-^^i ^ interior point of an arc of fl ®2 (see figure 





C rf(C) 

Fig. 4.5. A type I generalized elementary reduction of C 



7J) Gz'yen D G Dzsfcs(C), map L : {xo(D), . . .,X|o|(D)} — > |J D' and, for 

D'eDisfcs{C)\D 



euen/ < j < |D|, pairs of points (lq Lq ^ 



' 0)+ ,0)- 



0/ U D' 

D'eDzsfa(C)\D 

such that Lq'^ = l(xo(D)), 4^^^ = L(xj(D)) anrf points of any pair belong 
to the same disk, one can perform the following operations and call the resulting 

i) for every j G {1,...,|D|} such that L(xj(D)) is not above D, detach the line 
touching D at Xj (D) and attach it back to i{xj (D)) (see figure \4.6h 

ii) then, for every j G {1 , . . . , |D|} such that L(xj (D)) is above D, say i{xj (D)) G 
D' G Disks[C), detach the line touching D at Xj (D), attach it back to L(xj (D)) 
and remove the line connecting to xo(D'). The resulting space has two con- 
nected components that we reconnect using the following steps (see figure 

1) if Sj = 0, so that l(xo(D)) eD', identify xo(D) and l(xo(D)), 

2) if Sj>], then 

if L^J^^ does not lie in the same connected component of the resulting 
space as identify them, 

if i^J^^ lies in the same connected component of the resulting space as 



ig^.L]/ but not in the same disk, say G D" above D', identify 



,0)- 



{])- 
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and Lg. and remove the line attaching to xq (D ") (if any). Repeat ^r(ii)2 
with the index lowered by one. 




Fig. 4.6. A type II generalized elementary reduction of C 



III) One can consider the elementary reduction t"jjj(C) = [j Cj as in definition 

A composition of a finite number of elementary reductions is called a generalized re- 
duction. 

Note that the objects resulting from generalized reductions are not exactly 
^-clusters as the incidence points of some lines might be interior points of 
disks and many can coincide. However, we again only need a source operator 
of known index over a general reduction. 

We again fix a coherent system of ends V and proceed to the choice of 
generic elements of ff'ert = {(p,Pp)|p G J7j x fTlff x M^^-i^ x ... , 
Pp monotone coherent system of perturbations of p vanishing on 

Consider again the usual universal moduli space of Floer trajectory config- 
urations 'Ziniv = {(u, C,Pp]|u: (C,9C) (M,L) Floer with respect to P|c, 
Ind(D9u) < —[t — 2] + 1} ^ (Pert Not every trajectory (u, C, Pp) of liniv needs 
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to be simple, but from theorem 14.1.41 any trajectory can be reduced to a sim- 
ple trajectory having a generalized reduced cluster as its source. This can be 
achieved as follows: 

1) Decompose iteratively every nonsimple disk into a nodal disk with simple 
components using theorem 14.1.41 together with the induced type I general- 
ized reductions over the source. 

2) Eliminate iteratively every disk D of the resulting trajectory that is sent by u 
into the image of the other disks using (if necessary) some paths yj : [0, 1] ^ 

U D', 1 < j < |D|, such that 

D'eDisks(C)\D 

. u(yj(0))=u(xo(D)), 
. u(yj(1))-u(xj(D)), 

• Vt G [0, 1], 3z G D such that u(y3(t)) = u(z) and 

• yj is discontinuous at a finite number of points < t^ ^ < ■ ■ • < t['^^ < 1 
with the induced type II reductions that use — lim yj(t), < tr < 

Sj — 2, and lI^i^^ = lim yi(t), 1 < m < Sj — 1. 

3) Perform a reduction of type III over the source. 

Denote the resulting reduced trajectory configuration by (r (u) , r [ C) , r* (P|c ) ) 
and notice that it is again simple in the sense of the generalization of definition 
14.1.11 Again, a nonsimple trajectory configuration of liniv might be gener- 
ally reduced in countably many different ways, modulo the choice of the new 
nodal points and incident lines. 

We will then consider liniv^^'^ = {(r(u),r(C),r*(P|c))|r(u) : (r(C),9r(C)) ^ 
(M,L) generalized reduced Floer 

with respect to r*(Pc),IrLd(D9^(^)) < —(£—2) + 1 —2}^ fPert, the space of every 
possible generalized reduced trajectory configurations. 

As before, one can use standard perturbation arguments to show that for 
a generic (Pert^^^ C S'ert, then for every simple (r(u),r(C),r*(P|c)) G 'liniv^'^'^ 
above 'Pert^^'^, we get an exact sequence of operators 



C'^(r(C),Tr(C),T9r(C)^ L^'nr(C],r(u)*TM,r(u)*TL) 



D9 



TfC) 



L^-^'P(r(C),Tr(C)] L"^-^'P(r(C],r(u]*TM] 



L"^'P (r ( C ) , r (u) *TM, r (u) *TL) 
L^'nr(C),Tr(C),T9r(C)) 

D9t{u]/D9t(c) 

L"^-i'P(rfCl,rfunMl 



Lr''P(r(C),Tr(C)) 



where Ddy^^^-j/Ddyf^Q-j is surjective and therefore ker(D9,-(u^)/D9^(c)) is of di- 
mension Ind(D9^(^j) — lnd[Ddy.(^Q^). 

We argue that every trajectory configuration (u, C, Pp ) G liniv above fPertS*^"- 
must be simple so we get the desired result. Indeed, if (u, C, Pp) is not simple, 
then we can apply a reduction r on it and get the reduced exact sequence 14.31 
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Now a straightforward index computation shows that 
Ind(D9T.(c]) > Ind(Dac)+2(k-k(r(C)))-N, where N is the number of inte- 
rior incidence points on r(C) plus the number of complex nodes of r(C). In- 
deed, by reconsidering the computation of lemma [T.6.3l we see that replacing a 
boundary incident line segment by an interior incident line segment decreases 
by one the index over the source space. Also, a complex node can be seen as 
a connecting line of length zero being incident at interior points of two disks 
and therefore it decreases the index by one. 

By the monotonicity hypothesis, removing D decreases the index |j.(F] of 
the boundary condition over the trajectory by at least two. Adapting proposi- 
tion 11.6.21 to the situation where the incidence points might be interior points 
results in substacting n to the index for every interior incidence point and for 
every complex node of r[C). Therefore, we get that Ind(D9T(^)) < Ind(D9u) — 
2-nN. 

Since Ind(D9u] < —(£ — 2) + ^,we must have 

Ind(D9^(^)/D9,.(q) = Ind(D9T(^)]-Ind(D9,.(q) 

< -(£-2) + l -2-nN + (£-2 + 2k(r(C))) + N 
= 2k(r(C))-l-(n-1)N 

Note that Dd^^^^/Ddyi^Q) must have a kernel of dimension at least 2k(r(C)) 
due to the tnvariance of J over the disks that allows the position of the interior 
markings over the reduced trajectory to be changed according to 2k(r(C)) real 
independent parameters. Therefore, it must have a cokernel of dimension at 
least one, which is impossible for a simple configuration lying above ^Pert^^^. 

□ 

Remark 4.3.2. Note that the above proof implies that the Floer trajectory configura- 
tions of index lower than —[l — 2) + ] are generically type III reduced, so we could 
have restricted to these clusters from the beginning. 



Chapter 5 



MODULI OF •-CLUSTERS 



We first describe the source spaces that will be used to define the cochain com- 
plex. They are planar trees of complex marked disks connected by metric lines 
and are chosen to form a moduli where the planar structure can vary. These 
sources can be seen as generalizations of the sources used in ||Fu|[, | |Fu2 |[, |Oh| 
and IBO . 



5.1. Constructing CH.^^, the moduli of •-clusters 

First, we build a new manifold with corners K* ^ that will be interpreted as 
a moduli of marked disks with varying order on the boundary markings. As in 
the (8) case, the space of "-clusters C^l ^ is then defined as a collar neighborhood 
of K*^, the collar part again encoding disks connected by metric line segments. 

First, it will be convenient to see the spaces of discs as lying inside the 
spaces MfM^^ic of spheres with I + 1 real and k pairs of complex conjugate mark- 
ings. It is useful because in that setting, the ribbon switches as described in 
IfCLJ naturally occur. We recall the construction of these spaces that appears in 

Let iW£+i+2k be the space of complex spheres with £ + 1 +2k markings de- 
noted by {xj}o<j<£ and {zh}i <h.<2k- It has the structure of a complex {1 — 2 + 2k)- 
manifold and has an antiholomorphic involution a^^i^ defined as the composi- 
tion of the natural complex conjugation (I, j) —> (I, — j) with the transpositions 
(zhZh+k)/ 1 < h, < k. The real locus MfW^jc = fix(cr£^ic) is then a smooth real 
(£ — 2 + 2k) -manifold. Also remark that permutation of the real markings gives 
a natural smooth action of Sf on MfM^.ic. 

The complex double operation over the complex disks gives a natural map 
^1 k ^ ^^i,k- The image of this map is the closure of the set of spheres 

represented as xq = oo, {xi < . . . < xj C MP^ C CP^ and Im(zH) > for 1 < h < k. 
Moreover, for every permutation p G Sf one can denote by K^^ the space of 
marked disks with xq < Xp^^) < . . . < Xp(£j and extend l to these disks. We refer 
to p as an ordering on the real markings of the disks. 

We will be interested in the image of the extended complex doule map 

U Kfk '^^i,k- It can be seen as a partial manifold with comers tiling 

peS{ 

of MfMf^ic by V. tiles, the complete tiling having l\2^^^ . lm[i) gives a moduli 
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in which the real marked points are no longer required to stay in a given or- 
der, but their order rather changes according to the switches proposed in [|CL| . 
The non-injective strata of l are exactly those made of configurations having 
smooth components with no interior markings. 

Definition 5.1.1. A smooth, component of a marked nodal disk (resp. real sphere) with 
no interior (resp. no complex-conjugate pair of) markings is called a ghost disk (resp. 
sphere). If a ghost disk (resp. sphere) separates zt and zj/or some pair 1 <i<j<k,it 
is referred to as an internal ghost disk (resp. sphere), otherwise, it is referred to as an 
external ghost disk (resp. sphere). 

The main point is that, in general, Im(L) is singular over the strata having 
at least one internal ghost sphere. For example, a neighborhood of the singular 
locus in the case £ = 0, k = 2 is displayed in figure 15.11 Next we give a local 
description of Ira(L) c MiMf^ic near any point S G Ira(L) lying in a codimension 
m open stratum & c RMt^]^. 




Fig. 5.1. Singularity in Im(L) c MfMo,2 



We can choose normal coordinates (ni,...,rLra) to 6 at S corresponding 
to m real gluing parameters, one for each real node of S (see [MWJ, [,Liu| , 
||MS]). Choose D G (S), say D G K^',^, and orient each rii coordinate so that 
{rii > 0}i<i<ra corresponds to l(K['^]. Then one can see that 
Lemma 5.1.2. In the (ni , . . . , Uttl] normal coordinates to & at S, Ira(L) = G -M^, 
where G = Z/2Z and the d factor generator acts by changing the signs of the 

d ghost 

coordinates corresponding to the nodes on d. 

Although it is possible to desingularize the whole Im(L) to get an appro- 
priate manifold with embedded corners, we decide not to do so for practical 
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reasons. We rather partially join the tiles |J K^*^ on chosen 1-corners, 2-comers 
and 3-comers. 

First, we join the tiles along 1-corners that are transpositions of two real 
markings. 

Definition 5.1.3. A 1-codimensional stratum = RM^-^^^i x RMj^ C MfM^^k with 
k>] is called a marking-marking transposition stratum. It is equivalent to being the 
fixed locus of a transposition for the natural action on MfM^^i^. 

Then, ^ = U l^j'k/ ~' ^^^'^^ ~ D2 if they differ by a transposition over an 

external ghost with two real markings (see figure \5.2h That is, l(Di) = liDj) G T^, 
where is a marking-marking transposition stratum. 




Fig. 5.2. Disks identified in a marking-marking transposition stratum 

Lemma 5.1.4. K\ ^ zs an orientable smooth manifold with embedded corners. 
Proof. |J K^^ is smooth with embedded corners and orientable so we need 

to verify smoothness only at D G ,^ with S = l(D) G Therefore, S lies in the 
interior of a codimension m stratum & = MfM2,o x • • • x ^!^2,o ^ R^^({e+^ ] ^(e+i ) x 
... X RM^^rn+^ ) ]^(m+i 1, whcrc the e first factors correspond to the external ghosts 
with two real markings and the last factors to the deformations over the other 
components. 

Therefore, if we choose the (ni , . . . , nm) normal coordinates to © at S so that 
(ni , . . . ,ne) correspond to gluing parameters for the external ghosts with two 
real markings, then [n-\ , . . . , rtra) G M*^ x M^^*^ times a chart of & gives a chart of 
near D. 

Notice that this local portrait also implies embeddedness of the 1-comers, 
and therefore embeddedness of every comer. Indeed, every 1 -corner F G Ci (K^ 
appears locally as {n^ = 0}, for some i > e, so it arises as a smooth gluing of 2^ 
1-comers of the K[,^. 

Let Obe an orientation of Y.j'^^. It is not hard to see that by choosing (— 1]^9tP^0 
on K^^ and pushing it forward using l, one defines an orientation of ^. In- 
deed, having K[']^,K^^ ^eic identified on one of their 1-corners means that 
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in the normal coordinates to the tranposition strata, l(K^J^) writes as ni > 
and l(K['^] as ni < while the identified 1-comers is the hypersurface {n-\ = 0}. 
Since l||^pi and l|j^p2 only differ by a reflection about {n-\ = 0}, we get that, lo- 
cally. 



IkP2 J 



-l)S9(Pi)C)=(iLp2 



□ 



Remark 5.1.5. One could also identify the tiles over 1-corners with an arbitrary exte- 
rior ghost, but the orientability part of the proof of lemma 15. 1 .41 then fails. Indeed, for 
1 = 1 and k = 1 , one then gets the whole MfM2,i which is with a point blown up, the 
exceptional divisor representing the spheres with a quadrivalent ghost (see | |Cey [). 

Second, we identify along 2-corners being internal transpositions of a 
real node and a real marking. We proceed iteratively, identifying two codimen- 
sion two strata associated with a given real marking and blowing up along the 
identification locus to remove the singularity then created. 
Definition 5.1.6. Let a node-marking transposition o/xj, < j < £, be a stratum 

T"j ^ MfM2,o X MfAf^di ^(1) X MfTVf^d) ,,(2) C MfWf^ic with k*^' > 1, k^^' > 1 and the 
first factor standing for an internal ghost with two real nodes and the real marked 
point Xj. Note that for fixed j two such strata are disjoint. 

Then, K^^^ = ^/ ~, where Di - D2 if they differ by a node-marking transposition 
ofxj (see figure \5.3h That is, l(Di] = l(D2] G T^^j for some node-marking transposi- 
tion stratum T^^i . 




Fig. 5.3. Disks identified in a node-marking transposition stratum 



,11 



Let buiij (MfWf^ic) ^T^d hun. (K^ ^) be the blowups o/MfM^^k and jj, along \JJ 
and L^^ dJT^^' ), respectively, so that we have a commutative diagram 



-Hi 
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buiij [kID ► bu„. (MfM£,k] 



bdii 



bdii, 



Lemma 5.1.7. bun. i^fl) an orientable smooth manifold with embedded corners. 



Proof. Smoothness. We must only verify smoothness at a point p G bd ^ o 
[T^h ) c in the exceptional locus of a given internal transposition T^^i . 
Say S = Lobd(p) lies in the interior of a ra-codimensional stratum & c T^^i. 
Then, choose the normal coordinates (rLT,n2,n3,...,rLm,) to & at S, so that ni 
and Til correspond to the gluings over the ghost component containing Xj. 

Using these coordinates, we can describe K^^^, near p, as {u] rL2 > 0} x W^' x 
^m-m'-2 ^ ^dim(6) ^ ^f-2+2k ^j^^j.^ ^-1 ^jiij j corresponds to {n^ = rL2 = 0} x 
M^' X X Mdim(6) 3 < m' < m. 

Then, p writes, in the blownup local chart, as ( [n-\ : nj] , 0, . . . , 0) with, say, 
rL2 7^ 0. Thus, the coordinates (n, ^,rL3, . . . ,nra), where n is normal to the ex- 

■ 1-2 

ceptional divisor, times a chart of (3 give a smooth corner chart of bun^ (K^ l) 
near p. 

Remark 5.1.8. Furthermore, one verifies that in these new normal coordinates, lvn[i) 
lifts to M X (( Yl Z/2Z) • ] where the action is induced by that of G — 

deghostsldT^dj 

Yl l^/TLsowe are back to the local model described in lemma \5l^ 

de ghosts 

Embeddedness of the corners. To show that the corners of the desingularized 
space are still embedded, it is again sufficient to show that every 1-corner is 

embedded. Indeed, a 1-corner of bun^ i^^il) arises locally, in local normal coor- 
dinates above, as a lift of l^^ ( G • {n^ > 0, nj = 1 1 < i < ra, i 7^ j}) to the blowup, 
and therefore it is smoothly embedded. 

Orientability. We are left to check that an orientation of ^ lifts to an 

II- ' II- 

orientation of bunj l^il)- It is enough to look around p G 9i (bunj i^il)) such 

that Lobd(p) G T^^i is an interior point, i.e. an endpoint of an exceptional fiber. 

Then, in the normal coordinates (nT,rL2) to T^^j at Lobd(p), Ira(L) corre- 
sponds to {nin2 > 0}. Thus, in the blownup local normal model, up to a re- 
ordering of the coordinates, p = (ni, [ni : nj]) = (0, [0 : 1]) so it lies in the lift 
of the {ni = 0} hyperplane. Remark that l^^ [{n-\ = 0}) C ^ lies in a single 
1-comer F G Ci (K^ ^) that is sent by l to a codimension 1 stratum ]RfWg(i) x 
RM^{2) ^(2) of MfWf^ic where, say, xj contributes to the moduli of the second fac- 
tor. 

Take ^ A Op as an orientation of ^, where ^ is outward normal to F and 
Op is an orientation of F. 



79 



First, notice that Op pushes to an orientation of the {ni = 0} hyperplane 
because the attaching of F to itself on {n-\ = rL2 = 0} is the same as the one used 



in the construction of K? 



li2]U2) 



. Said differently, F is a cut of K^,^, ^^^^ x K^^, ^(2) 



along the transpositions o^ its real node, seen as a real marking, and one of its 
real marking, and {n-\ =1X2 = 0} is part of that cut locus. 

Second, since is pushed to — over {n-\ , rL2 > 0} and to over {n-\ , n2 < 



0}, it lifts to —^TCf which is again outward to 9i (bun- (K^ l)) near p. Therefore, 



"-2 

an orientation ^ A Op of ,^ lifts to an orientation of bun. (K^ 



□ 



Remark 15.1.81 in the proof of 15.1.71 emphasizes the fact that it is possible to 
iterate the identification and blowup process. 

Definition 5.1.9. Let Kf^ be the space bunj. . .buni (buno(K^^^)^^^ ] . . }^^] defined 

by implementing the construction of definition 15. 1.61 iteratively. 

Corollary 5.1.10. K^^^ is an orientable smooth manifold with embedded corners. 

As noticed in the orientability part of the proof of lemma |5.1.7[ a 1-comer 
F e Ci (KJ^^] with no ghost component is isomorphic to some , ^^(i , x K^(2) ]^(2) 
with k'^^k^^' > 1. This is simply due to the fact that type II identifications 
restricted to 1-corners with no ghost become type I identifications. 

Third, we identify K^^,^ along 3-corners being transpositions over an internal 
ghost connecting three nonghost disks. We proceed iteratively, identifying two 
corresponding codimension 3 strata and blowing up along the identification 
locus to remove the singularity then created. 

Definition 5.1.11. Let a node-node transposition be a stratum T^^^ = ^^^2,0 x ^^^^(i ) ^(i ) x 
]RfM£(2) ^(2) X MfWjo) ]^(3) C MfTlff^i^, with kf^',k(^,k(^' > 1 and the first factor stand- 
ing for an internal ghost with three real nodes. Note that these strata are not mutually 
disjoint in general. 

Then, K.fl. = If^f^/ ~, where D] ^Dj if they differ by a node-node transposition 
(seefigure\5.4h 




Fig. 5.4. Disks identified in a node-node transposition stratum 
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Given an order on the set of node-node transpositions, let bumlMiWf^ic) (ind K*,^ = 
buni(K^^^) be the blowups o/bun(]RfMf^i,i) and Kfl along [jJ^^^ and i^^ (IJT^^^) with 
respect to this order, respectively, so that we get a commutative diagram 

= bui„(Kj;^) bui„(MfMf,k) 



bdiii 



bdiii 



Lemma 5.1.12. K'^ = buni(Kj^,^) is an orientable smooth manifold with embedded 
corners. 

Proof. The proof here uses the same arguments as the proof of lemma 15.1.71 
but we include it for completeness. 

Smoothness. We must only verify smoothness at a point p G bd^^ o (T^^^) c 
K*,^ after the blowup at the transposition T^^^ Say S = Lobd(p) lies in the in- 
terior of a ra-codimensional stratum & C T^^^ Then, in the normal coordinates 
(ni , n2, . . . , Ura) to 6 at S, say ni , nj and are associated with the gluings over 
the special ghost component so that T^^^ corresponds to {n^ = n2 = rL3 = 0}. 

Then, p writes, in the blownup local model, as ( [n-\ : nj : n^] , 0, . . . , 0) with, 
say, n3 ^ 0. The coordinates (n, ^,|^,rL4,...,nra), where n is normal to the 
exceptional divisor, times a chart of & gives a smooth corner chart of K*,^) near 
P- 

Remark 5.1.13. Again, one verifies that in these coordinates, lm[i) lifts to M x 
( ( Yl Z,/2Z) • M^^^ ) where the action is induced by that ofG= Yl 

deghostsldT^dj de ghosts 

SO we are back to the local model described in lemma ^7L7\ 

Embeddedness of the corners. To show that the corners of the desingularized 
space are still embedded, it is again sufficient to show that every 1-corner is 
embedded. Indeed, a 1-comer of the blowup at T^^^ arises locally, in the local 
coordinates above, as a lift of l^^ (G • {nt > 0,nj = | 1 < i < m,i 7^ j}) to the 
blowup, and therefore it is smoothly embedded. 

Orientability. We are left to check that an orientation of Kp,^ lifts to an 
orientation of K',^. It is enough to look around p G 9i (K*,^) such that Lobd(p) G 
T^^^ is an interior point. 

Then, in the normal coordinates (rLi,rL2,n3) to T^^^ at Lobd(p), Im(L) cor- 
responds to {rLT,rL2,n3 > 0}lJ{Tti ,rL2,rL3 < 0}. Thus, in the blownup local nor- 
mal model, up to a reordering, p = (0, [0 : p2 : P3]) so it lies in the local lift 
of the {n-\ = 0} hyperplane. Remark that l^^ ({tlt = 0}) C K^^,^ lies in a sin- 
gle 1-comer F G Ci (K^^,^) and that it is sent by l to a codimension 1 stratum 
MfWfd) ,^(1) X MfAf^(2)^f(3)_i ^(2)^^{s) of MfWf^ic where the second factor is attained 
by the gluings on the nodes corresponding to n2 and n3. 

Take ^ A Op as an orientation of K^^,^, where is outward normal to F and 
Op is an orientation of F. 
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First, notice that Op pushes to an orientation of the {ni = 0} hyperplane 
because the attaching of F to itself on {n-\ = = n^, = 0} is the same as the 
attaching of K^(2)_|_£(3)_i k(2)+k(^' internal node-marking transposition as 

described in 15.1.71 Said differently, F is a cut of K^j^, ^^^^ x '^f{2)^i[i]_-\ ic(2)_|_ic(3) 
along the transpositions of a real node and a real marking for which {ni =U2 = 
na = 0} is part of that cut locus. 

Second, since ^ is pushed to — over {ni,n2,rL3 > 0} and to over 

{ni , rL2, ns < 0}, it lifts to which is again outward to 9i (K* ^) near p. There- 
fore, an orientation ^ A Op of K^^^ lifts to an orientation of K* j, near F. 

□ 

As in the nonsymmetric case, one can then apply a collar neighborhood 
enlargement procedure to K*^. However, we choose to restrict the collar pro- 
cedure col to the comers that do not have ghost components associated, and 
denote by col""S this restricted procedure. 

Definition 5.1.14. for k > 1 anrf £ + 2k-2 > 1, /ei = cor-^(K;^] and other- 
wise if 1 = and k = 1 or 1 = ] and k = 0, (T^*^ will be a point. 

The last property we would like to check is that we get, as in the (g) case, a 
product structure on the corners of C^} ^. 

Lemma 5.1.15. Every 1-corner o/K* ^ corresponding to nodal disks with two nonghost 
components is isomorphic to a product K'^, ^^y^ x K*2) ^^(2) "^here k^^^k^^^ > 1 and 

£(1)+£{2)_1=£. 

Proof. As noticed in the proof of lemma 15.1.71 type II identifications provide 
the missing type I identifications over the 1-comers, that is, the type I transpo- 
sitions with the node considered as a real marking. In the same fashion, type 
III identifications restrict to the missing type II identifications of the 1-corners, 
more precisely, the type II transpositions with the node considered as a real 
marking. 

It remains to check that all the type III identifications of the 1-corner are 
performed after type III identifications. Indeed, the type III identifications 
over a 1-comer are simply those coming from the global ones because the node, 
considered as a real marking, is not implied in the associated transpositions. 
Thus, the considered 1-comer of K*^ has the same identifications as K'^^ , , x 
V* ' ' 

□ 

Corollary 5.1.16. Every 1-corner of C^l^ corresponding to two nonghost components 
is isomorphic to a product Ct*^y^ ^^^^ x Ct*^2] ^ii] '^here k(^',k'^^ > 1 and +1^-^^ — 
1=£. 

Proof. This follows from the fact that col(Mi x M.2) = col(Mi ) x col(M.2) for 
any manifolds with embedded corners M] and M2, and that any F G 9i(M) 
naturally has a corresponding 1-corner col(F) G 9i (col(M)). □ 

Remark that K*,^ has a second type of 1-corners, namely those correspond- 
ing to nodal disks with one ghost component having more than 3 real special 
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points. In fact, ignoring the corners of K*^ having ghost components associ- 
ated, we get this more general result: 

Lemma 5.1.17. Every m-corner o/K*^ corresponding to nodal disks without ghost 
components is isomorphic to a product K* x . . . x K* ^^^j i^(m+i) 

w^erek(il,.--,T<*"^+^' > 1 anrf + + £^"^+i' -m = £. 

We note that, unlike in the case, these isomorphisms do not seem to be 
canonical. More precisely, we do not know which numbering to choose on the 
breakings seen as leaves of the smooth component below them. We therefore 
proceed to some choices in order to define for every m-corner without ghost 
components F of Cl}-^ an isomorphism Op : 1^ ^ (T^'i , , x . . . x (T^'^+i , , . 

Let D G K'^ in the lift of K[,^ and D = D^^' IJ- •'•UD'"'+^' its natural de- 
composition into an element of K^(i > ) x . . . x K^(m+i ) ]^(m+i ) where > and 
k'^^ > 0, 1 < i < ra + L Consider, for every leaf (boundary special point) x of 

• p(x) if X is also a leaf of D, 

• the minimum of the values of p on the leaves of D lying above x. 

This defines an ordering p'^' on the leaves of D'^'. Also consider the natural 
ordering on the interior markings of D'^' induced by that on the interior mark- 
ings of D. 

Thus cDp(C] G <r^*(i) ,,(1) X ... X a*(^+i) ,^(^+1) can be defined by iterating 
this procedure over i (see figure \5.5) . More generally, this procedure defines 
an ordering on the leaves of any subcluster C' of C. Moreover, it is coherent in 
the sense that if C" is a subcluster of C , then the orderings on C" induced by 
the ordering on C' and by the ordering on C coincide. 




Fig. 5.5. Product decomposition of a "-cluster, £^^' > 0, 1 < i < 5 

The above identifications will suffice to choose coherent perturbations over 
the Floer trajectories in the monotone setting where the perturbations will be 
chosen to be independent of the position of the interior markings. Fiowever, 
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in general, we will have to generalize the above to make the identifications 
dependent of the position of the interior markings. 

In this case, one can modify Op to cover the general case where C has some 
components without leaves, that is, £'^' can vanish for some i's. Let £ > 0, k > 1 
and T be a (£,k) -shuffle, that is, t g S^+ic such that T(j) < T(j + 1) whenever 
j 7^ ^. Now consider Ci*]^^ = ((T^'^jT) as the moduli of •-clusters with I leaves 
{vj}i<j<e and k interior markings {kH}i<h<k together with the shuffle of the set 
{vj}i<j<e U{l<h}i<h<ic defined by t. 

Then proceeding exactly as above, one chooses for every m-comer without 
ghost components F of (TCvt ^^i isomorphism Op : F ^ C^'on] vn) (i)X---X 
C^l[m+^ ) ]^{m+^ ) T^(m+i )/ the set of such identifications having the same coherency 
property (see figure |5^ . Notice that for t = Id and £*^' > 1, 1 < i < m + 1, then 
t'^' = Id, 1 < i < m + 1, and the above two identifications coincide. 




r = {zi,Z2,Vi,V2,Z3,Z4,Z5,V3,Z6,V4,Z7,V5,Zs,Zg} 



ri^^ = {v['\z['\vi'\vi'\zi'\vi'\vi'\vi'\zi'^} 

r(^) = {.f\.f\.(^\.f }r(3) = {.f)} = {.r\4')} 

Fig. 5.6. Product decomposition of a general ^-cluster 

5.2. Universal curves 

Definition 5.2.1. Let U'-^^K'-^be the nodal family defined by restricting to ivn[i] 
the universal curve over ^Mi^\, forgetting the hemispheres containing any subset of 
{2'h.}k+i<h.<2ic iiiT-d then pulling back the resulting under blowdown. 
Remark 5.2.2. U* ,^ A K* ,^ is the pullback of the U^^j^ A Kg^jc curves over each copy of 
K{^ic, except that its ghost disks are now complex doubled. 

We add metric lines between the components of the marked disks lying in 
the collar part of C^l^ using the tree labelings over the collar part as in the 
nonsymmetric case. 
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Definition 5.2.3. For C G C^l^, we then define [n*] ^(C) as in the ® case. We 
will refer to it as the •-cluster, with I leaves and k interior markings, associated with 



c E ai^. 



Taking 11*^ = (J [n*) ' (C), we get a map tt* : Zl*^ (T^*^ and a com- 



mutative diagram 




The result of this procedure will, as in the (S) case, produce families of metric 
trees with vertices replaced by complex marked disks. However, we empha- 
size that the • case is different from the former regarding several aspects: 

• Every ghost disk must be at distance from a disk having interior mark- 
ings. This will later imply that classical Morse products are no longer 
considered in the differential of the "-cluster complex. 

• In the context of ^-clusters, a configuration having two incident lines 
meeting on a trivalent ghost disk is glued on the one hand using an 
hemisphere of the ghost disk and on the other hand using the other 
hemisphere (see figure l5l!|) . This will correspond to the flowline switches 
proposed in |CL| . 

• Let Si) ran. stand for the symmetric group on n symbols. There is a nat- 
ural action of both Sijrac and Symjc on Ci*-^ defined by changing the 
numbers of the leaves and of the interior markings, respectively. 



5.3. Coherent systems of ends 

We define coherent systems of ends for the "-clusters as it was done for 
the (^-clusters, except that we require them to be independent of deformations 
over disk components with no interior markings, the ghost disk components. 
That is, for every £,k > 0, these half-line neighborhoods of the endpoints over 
Ci* ^ will again be coherent with respect to the product structure of its comers, 
and perturbations of Morse functions will later be allowed on their comple- 
ment. 

Definition 5.3.1. A coherent system of ends on {'Zi*,^}{,ic>o a collection of closed 
subsets 'V = {'^e,ic C 'Zi*,^}e,ic>o coming from the closure of a corresponding collection 
of open subsets such that 

(1) %fi = Ul^Q = 1_, 1/^ ,0 = li* = 1. Otherwise z/£ - 2 + 2k > 0, then for every 
irreducible component C'^' ofC, "T^^icn C^^^ is a disjoint union of closed neigh- 
borhoods of its endpoints, each being homeomorphic to [— oo,— R] C R_, and 
closed intervals on some interior lines, each being homeomorphic to [— C 

r_A An 
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(2) for every irreducible component C^^^ G (T^'d ^(ij ofC, T^jkflC^^^ = flC^^. 
Therefore, the neighborhoods over C'^^ are invariant under deformations of 
C\C'^', under permutations of the zh's which leave the z^^'s invariant, it 

is independent ofi, k and of the relative position of C'^^ in C. 

(3) for every irreducible component C^^' G o/C, '^f,knc'^^ zs invariant 

under deformations of the ghost spheres of C^^^ having 4 or more boundary 
markings. 

Remark 5.3.2. One might further require the coherent system of ends to be invariant 
under permutation of the numbers of the leaves and of the interior marked points. 

One can construct coherent systems of ends explicitely using the same pro- 
cedure as in 11.41 the neighborhoods over a line only depending on its length. 
Therefore, 

Lemma 5.3.3. There exists coherent systems of ends. 

Note that one can define a coherent system of strip-like ends S = [Si^k C 
Ui^\^ over the disks (and spheres) of Ul-^ by pulling back a real coherent system 
of ends S = {Sf^jc C U*,^} (defined in a similar fashion as in ISeiJ , I.W1J , LCMJ ) 
by the natural projection IZ*,^ -^Ml-^ that collapses the connecting lines. 



5.4. Coherent systems of perturbations 

As in the ® case, we assign to every point of li*^ ^ plus an endpoint labeling 
an element in a product of Banach manifolds so that this choice is coherent with 
respect to the product structure of the comers of Ci\ ^ ^. Again, the labeling on 
the leaves will later encode a choice of Morse functions over the ends. 

First, fix an integer c > 0. 
Definition 5.4.1. We call I: {1,2, ...,£} "-^ {l,...,c,c+ 1} an endpoint labeling of 
length I if whenever ji < ]2 with < c + 1 and i[]2)] < c + 1, then [(ji ) < [(32). 
That is, if we exclude the preimages o/c + 1, iis increasing. 

We take £ to be the set of all the endpoint labelings, Ci*-^.^^ = ((r£*,^,T, and 
^^1x^,1 = f^'io^' i e £ of length L 

First, note that if c = 0, the only possible labeling is trivial. 

Note that a labeling [ of the leaves of a •-cluster C G C^* ^ canonically deter- 
mines an end labeling [^^^ over each of its irreducible component C^^': let Va' be 
the a^^ leaf of C^^' and E the numbers of the leaves that lie above Vq^ (including 
itself). If E 0, take l^^\a) = min[E) and otherwise, take l'^' (a) = c + 1 . In fact, 
one can use I to associate in the same fashion an integer 1(1) to each line I of C 
(see figure |5^ . 

Next, we assign to every point of 'U.*-^^^^ an element in a product of Banach 
manifolds so that this choice is coherent with respect to the product structure 
of the corners of Ci*]^^ [. This will later encode the choice of a Morse function 
plus a cu-tamed almost complex structure on the target space at every point of 
a w-cluster. 

Let M X J he a product of Banach spaces with Ug^^ and nj the projections 
on the first and second factor, respectively. 
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Fig. 5.7. A labeling [ of the leaves of a •-cluster C e C^l^, c = 7 

Definition 5.4.2. Let ^ he a coherent system of ends and S he a coherent system 
of strip-like ends over the disks (see llSeiH , llWli ). A coherent system of perturhations 

vanishing on I/' and S is a collection of maps P = {IZ*^ ^ , x j?}£,ic>o,T {i,k)-shuffle,ieQ 

such that 

(1) P£,k,T,i is piecewise smooth, 

(2) nj op£ ]^ .^ [ = on 5£,k,T/ on the houndaries of the •-clusters and on the real 
locus of ghost disk components, 

(3) TT^v^ op£ 1^ ,j J = 0on T4,k i^nd n^oTp^^^^r^^i = over every line I such that 1(1) ^ 
c + 1, ' ' ' 

(4) p«,k,T,[ is invariant under deformations and real involutions over ghost disk 
components, 

(5) for every irreducihle component (CW,tW] o/(C,t], p£,ic,T,[lc(i) =ViW k^^),xi^),iw\c^^)- 
Therefore, pe,k,T,[ invariant over changes o/(C,t) which preserve (C'^^t*^^^). 

As in the (g) case, there are no obtsructions to such a choice. 
Lemma 5.4.3. Given coherent systems of ends ^ and S, there exists coherent systems 
of perturhations vanishing on V and S. 

Moreover, again, a Baire subset of perturbations over the boundary compo- 
nents extends to a Baire subset of perturbation over the whole moduli. 

5.5. Orientations on {(T^* j£,k>o 

As before, identify the complex marked disks with upper hemispheres of 
real marked spheres and take g^:, 1 <] <i, and O^^ = gj^^^^^^ A gj^;^^/ < 

h < k, to be defined by the corresponding variations of the positions of the 
markings. 

For k > 1 , let 0{ = gf^ A . . . A g|^. Then the proofs of lemmata l5T4l ISTTI and 
|5.1.12| show that Ol^^ = Oe A O^-^ A ... A O^^ on K^^j^ defines an orientation on K* ^ 
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that restricts as (-1 ^i^Oi k = (-1 )^ 



9x 



•P(l) 



■A... A 



9x 



AAt2 0zH=9?7A...A 



A Ah=2 on the disks having ordering p. We extend it to an orientation 

o'i on cq^. 

For k = and I = ^, we take O*^ = ^ to be the field that generates the 
positive (away from the root) translation over M. 

Next we will compare the product reference orientation on a cluster with 
one breaking with that induced by the reference orientation of its glued family 

Let C = C(i) U C'^' be a concatenation with C'^' e a'p, ^(i,, C'^' e a'a, ^(2,/ 
£^^' > 1, smooth and p be an ordering of its leaves. Then the ordering p on the 
leaves of C naturally induces an ordering p^^' on the leaves of C'^^. By the 
convention of section |5H we consider on the root of C'^', seen as a leaf of C^^^, 
the minimal value Prain of p on the leaves of C'^' so that C*^^ also inherits an 
ordering p'^' of its leaves (see figure |5^ . 




,(2) 



^3 
,(2) 



Fig. 5.8. Orderings on a concatenation 



For convenience, we write p = aop(^^ op(^), where p^^^ orders the leaves of 
C'^^, acting trivially on the leaves of C^^', p^^' orders the leaves of C'^', shifting 

the leaves of C*^^ as Xp j^.^, and ct shuffles up some leaves of C'^' through those 
of C(i^ (see figure |5^ . Note that a is nontrivial exactly when the leaves of C'^^ 
have nonconsecutive numbers and that in any case, a(j) = j for j < p 

We can therefore consider C as an element of the product (Tf* 
Then, as in lemma 11.7.11 we get 
Proposition 5.5.1. Let > 1, l^^^ > and kf'i^kt^) > such that (£^2)^i^(2)) ^ 
(0,0). Then let I = +£^2) -^,Y = Y^^^ C^^^ G a;,i)^k(i)' ^^^^ ^ '^^'w ^(2) 

smooth, C = C'^^ U C'^V fi) (21, that is, C is the concatenation of C'^^ and C'^'' on 

' Vr, ■ ~Vn 

the Vmin ^^^fof C^^'. Let p be an ordering of the i leaves of C such that pmin zs the 
minimal value ofj) on the leaves of C^^' and take cr to be the associated shuffle. Then 



.o;v = (-r 
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T*-------,,,,^ y»7 7» • •--^ y7 

4* 4« 

3 * * 3 3 ^ V^kNt-^ X 3 

2^^^ ^2 2» •V' X •2 

1 / 1 1 • ^ ^ • 1 

p K>(2) ^(1) cr 



Fig. 5.9. Decomposition of the ordering on a concatenation 



Proof. Proposition 11.7.11 shows that the formula holds whenever ct is trivial, 
that is, the leaves of C'^' have successive numbers according to p. It remains to 
show that it still holds when p, and thus a, shuffles nontrivially the leaves of 
C*^^' and the leaves of C'^' that are not breakings. This can happen only when 

£(1) >2and£(2) > 2. 

In this case, C is a stable w-cluster with one breaking, and therefore lies in a 
1 -comer F of CI\t^- We compute using coordinates in a neighborhood F: 
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= A 0(1)A/\ 0(2)A(-l)(«'''-1'-nK(^'+(T'-n-1)(_l)CT ^^^^^^^^^^^^ 

H=2 H=2 

1,(1) k(2) 

h=2 h=2 

9a9, , a , .9.9. .9 
-A — 7ttA...A — ^— A...A — ^A — ^A...A 



1,(1) 1,(2) 

= A On) A A 0(2)A(-l)(^'"-T'-^nKf^'+(T'-in-1)(_l)CT 

H=2 h=2 

9.9^,9^9, 9 ^ ^ a 

TT^A — A...A- A FT^A- A... A- A 

9Im(zi^^] 9x1 9xp^,^_i djie{z^^') ^Mv^in+i^^^) 9x^(^(2)+f(i)_ij 

9 A A 9 
-A.. .A 



k(i) k(2) a 1 9 1 

= A 0(i)A A 0(2) A(-l)'^— A...A- A- A. ..A- A 

^2 h=i 9xp^,^_i 9xc,(p^,^) 9x^(^^.^+f(2)_i) 

9 A A 9 



°Mvynir.+i^^^] 9x^,(^(2) ) 

kH) k(2) 

= A O (i)A A O ,2) A — A...A- A 

hJ2 h=l 9x1 9xp^.^_i 

9 A A 9 A 9 ^ ^ 9 
-A... A- A- A... A 



9^Pmln 9^Pmin+«'^'-l ^^Pmin+f'^' 9x^(2)+f(l)_i 



k 



= A^-hAO, 
h=1 

= o;,ic. 



□ 
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SMOOTHING [al^y^^^^ CHARTS 



The goal of this technical section is to establish lemma [l .2.31 without assuming 
that Kf is a MWEC, but rather decomposing neighborhoods of the comers 
using the simple ratio charts on Kf^i^. 
Lemma (|1.2.3|) . There exists a piecewise smooth isomorphism 

sending Ctf^j to K^^i^j /or every combinatorial type T. 

We begin by defining an identification near any maximal corner: 
Lemma A.0.2. For every maximal combinatorial type T"^"^", there is a piecewise 
smooth isomorphism from a neighborhood o/K^^^jmax x x'^'^^ jmaxj ^ col(K{^ic] to a 
neighborhood V o/K^^i^jmax e K£^i^, or equivalently, to a neighborhood V o/X^ (T"^"^^) G 

That is, we will decompose a neighborhood V of X° (T"^'^") G X*+ (T^^'^'') into 
V = U Vj n V where Vj fl ^ is isomorphic to a neighborhood of K^^ic jmax x 

"|"<;"pmax 

Xl'^'i] (T] in K£^^>T X X^'^'^^ (T). This will be based on the labeling reduction oper- 
ation. 

Proof, l) Building the Vimax cell. Set < e < 1 and V D X[°'<^] [jraax^ ^^^^ 
neighborhood of x[°'<^](T"^'i^) small enough so that it is contained in the ipjmax 
chart. Note that, canonically, x[°'^](T"^'^''] = x[°'i](T^'''') and thus K£,ic,Tmax x 
X[o,i] ( jmax-) gg^g identified with the cell Vymax = X^^^^^ [-\r^^^) c V. 

2) Building a neighborhood of the > T corner. For any T < T"^'^", recall that 
a labeling X on T"^"^^ determines one on T, denoted by X|j, by simply taking 
X|t(1) = X(l). For I G E(T), let X[°'^](T) be the labelings on T taking values 
in [0,e]. Denote by x[°'^^(T"^'^'') = j-^ (xIO-'^llT)] c X^+IT"^'^"] the labelings on 
jmax ^^^^ j-gg^j.^^, ioJ < T"^'^" in this range. Near \^i^Yj^a., x[°'^^(T"^'i'') is as a 
neighborhood of the corner >j. Remark that from this definition, T*^^' < 
T(2) <T"^'iMmpliesthatX^°'2'J(T^'^'') cx!j^,'fJ(T^'^'^) since (Xl^ta, jlyt,) =X|-r(n- 

3) Building the Vtq cell Now set Vtq = ( U xf^\l'^'''']Y ■ Then VToflV 

|T|=1 

could be thought of as a cell of V that is complementary to the above corner 



of T"^'^") belongs to Vtq since the sequence {X^+i (T^'^^jlneN lies in ( IJ ''^ (1"^'^'') )^ 
More generally, xf''^(T"^'i'')nVTo = Xf (1"^'^''] fl Vtq, the labelings (of Vj^) 
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neighborhoods. Note that the labeling x^(T"^'^'') (taking value e on each edge 

[ u 
m=i 

ings 

reducing to T with values e. This is clear when |T| = 1, and otherwise notice 
that = (Uxf'^^(T^'i>')]c. Xf(T"^'^'')nVTo 7^0 since it contains X^IT^^'^'^), but 

T 

in fact, is seen to be isomorphic to Kf^i^^>T near K^^j^jmax. 

Lemma A.0.3. There is an isomorphism from a neighborhood ofX^ ( jmax-j jma 
to a neighborhood o/X'^(T"^'^'') in Vtq. 

From proposition 11.1.21 we get that 
Corollary A.0.4. There is an isomorphism from a neighborhood o/K^^icjmax in K^^i^ 
to a neighborhood of [J'^^^^) in Vy-Q. 

Proof. Define a smooth map 

^M+^-pmax^ X ^ 

X I ^ x(X)(l] = e + X(l). 

It is obvious that this map has the desired properties. It is not hard to 
see that the labelings on T"^'^" having values exactly on T (corresponding 

to K£,^>t) correspond under x to X^°'^^ (T"^'^'') fl Vt^ = Xf (T"^'^'') fl Vtq: Let X e 
XK+^jmaxj ^^^^ Q Q^gj. J nonzero over T^^'^'^XT, then an edge I G E(T) 
gets label e. 

□ 

4) Building the Vj cell. Given T < T"^'^'', let UT''^ = T^'^''\T be the de- 

i 

composition into connected maximal subtrees. Define V (i) C X*+(Tf^') as in 

step 3, so it is made of labelings X^^' over every component subtree T'^^ of 
jmax^j c^y^Q\y yi^-] tJoes not restrict to a [0, e] labeling on any of the sub- 
trees of T'^'. Lemma fA.O.SI shows that near Kf(t) ^(i) -jn), the x'^^ maps will re- 
tract the K (i) onto Vji. Consequently, near K^^j^jmax, Yhd^^^ retracts the 

K£,k,>T = n^^pfi) v(v) ^t'^' comer onto n^y'^' • proof of |A.0.3l the label- 

ings X with value on T and restricting to e-labelings over some subtrees of 
the Xf^' constitute a boundary stratum of n^x'^' • 

Combining the above labels with labels over T, l^V (i) x X'*+ (T) naturally 

sits in X«+ (T"^'^''] and we can therefore define Vj = x X«+ (T] ) fl xf (T"^ 

'o 



Through the restriction map associated with T, Vj is seen to be isomorphic to 

]^V (ii X X^'^''^'^'^^ (T). Therefore, Vf is isomorphic to a neighborhood of ic t"^'"' x 
i 'o 

XtO'ilm inKf,k,>TxX[0'i]m. 
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5) Attaching the Vj cells. 

As seen above, for every T< T' < T"^'^'', let T'\T = UT'^'XT'^^^, then from 

i 

step 4, 

i 

is a boundary stratum of VV. It coincides with the boundary stratum 

i 

of Vj/ = (nV^'(i) X X*+(T'))nXT;^^(T^^'']. More simply those are labelings 

[0, e] -reducing on T such that in the complement of T, they reduce to e-labelings 
exactly on T'\T. It is not hard to see that those correspond under the x maps 
to the same identifications as in the definition of col(Kf^i^). 

□ 

Now that we can set piecewise smooth identifications between [Cif^]^^^^^ 
and Kf^i^ in disjoints neighborhoods of the maximal corner, there is no obstruc- 
tion to make them fit together using the charts from a neighborhood of 
K«,k,T X {0} - Kf,k,T X X0(T] in K^.^j x X*+(T) to a neighborhood v(Kf,kj) of 
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SMOOTHING [Ciaf^Y^^^^ CHARTS 



Using techniques very similar to those of appendix |Al we want to establish the 
following result: 

Lemma (|3.2.3|) . There exists a piecewise smooth isomorphism 



sending (ZClf^j to Qi^]c,jfor every combinatorial type T. 

The main difficulty is that we must now keep track of the balancing condi- 
tion on the labelings on the combinatorial trees of the quilted disks. However, 
we can still reduce a balanced labeling on a given tree to a balanced labeling 
on a smaller tree, and this will be enough to decompose neighborhoods of the 
boundary components of Q^^ic. 

We begin by defining an identification near any maximal corner: 
Lemma B.0.5. For every maximal combinatorial type T"^*^^, there is a piecewise smooth 
isomorphism from a neighborhood ofQi^\^^ Tmax X 

X[0,i](-]-max) C col(Q£,ic) to a neigh- 
borhood V of QiXJ"^"^^ ^ Q£,k/ or equivalently, to a neighborhood V ofX'^[T'^^^) e 

That is, we will decompose, as in the unquilted case, a neighborhood V of 
XO ^jmax^ ^ (T"^'!^] into V = U Vt n V where Vj fl V is isomorphic to a 

J< jmax 

neighborhood of Qe^kj^nax x Xt^'^^(T) in Q£,k,>T x Xt°'^^(T). This will be based 
on the balanced labeling reduction operation. 

We first set, for every edge I G E(T"^'^'') below the colored vertices of T"^'^", 
bi to be the number of (finite) edges below I, including itself. Say Mi = ^ if 

I is below the colored vertices without touching one of them, = ^Fpr if it 
is just below a colored vertex, and = 1 if I is above the colorings. If Tv is a 
linear subtree from the root to a colored vertex v, is not hard to see from this 
definition that ^ Mi = 1 . 

leTv 



Proof, l) Building the Vjma. celL Set < e < 1 and V D X[°'^ ^](T^ax^ 
open neighborhood of X''^''^ i^lj^jmaxj s]-)^^]^^ enough so that it is contained in 
the \\)j^a. chart. Note that, canonically x[°'^^'] (T"^'^'') = x^o,)]^jmax^ ^^us 



B-ii 



Qf^i^jmax X X[°'i] (T^'^'') gets identified with the cell Vymax = x[°'^ (T^'^") c V. 

To simplify notation, we will refer to xt^'^"^'! (T"^'^") as Xt^'^l (T^'^"). 

Remark that unlike in the preceding section, putting e labels on every edge 
of T"^'!^ does not generate a balanced labeling, as does assigning e*^"^ labels. 

2) Building a neighborhood of the > T corner. For any colored tree T < 
jmax^ recall that a labeling X on T"^*^^ determines one on T, denoted by X|j, by 
taking X|j(l) = X(l) • Yly X(l') Ylv where the product is over contracted 
edges I' below I that are connected to I by contracted edges only or contracted 
edges I" connecting I to a colored vertex through contracted edges only 

For I G E(T), let Ni = Ml + ^ + L '^i" and X[°'<^](T) be the labelings 

I' I" 

on T taking values in [0, e^^] over I. Denote by xf''^(T"^'^'') = 1"^ (X[°'^](T)] c 
^ jmax^ ^Yie labelings on T"^'^" that restrict to T < T"^'^" in this range. Near 
Qj^icjmax, Xj''^^ jmaxj ^ neighborhood of the corner Q£,k,>T- 

Remark that from this definition, T^^^ < T^^) < T"^'^'' implies that xl^^'^J (T"^'^'') c 
xf^f^iT^--) since (X|t(2,)It(i) = X|t(„. 

3) Building the Vj^ cell. Now set Vtq = ( U X^'^\t^^^))^. Then VioflV 

|T|=1 

could be thought of as a cell of V that is complementary to the above cor- 
ner neighborhoods. Note that the labeling X'^(T"^'^'') (taking value on I G 
EfT^'^")) belongs to Vj^ since the sequence {X^+h (T"^'^'')}^eN lies in ( U (T"^'^") j^. 



More generally, xf-^^lT^^'^'^jflVio = Xf (T^^'^"] fl Vtq, the labelings (of Vj^) 



IThI 

ngs ( 

reducing to T with values e^^ This is clear when |T| = 1, and otherwise notice 
that Vto = (Uxf''^(T"^'i'')]c. Xf(T"^'^'')nVTo 7^0 since it contains X^tT"^'^''), but 

T 

in fact, is seen to be isomorphic to K£^i^^>j near K^^i^jmax. 

Lemma B.0.6. There is an isomorphism from a neighborhood o/X'^(T"^'^'') in X*+ (T"^'^") 
to a neighborhood o/X'^fT"^'^") in Vj-q. 

From proposition [LOI we get that 
Corollary B.0.7. There is an isomorphism from a neighborhood of Qi^]cjrna^ in Q^^i^ 
to a neighborhood ofX^lT"^"^^] in Vj^. 

Proof. Define a smooth map 

XR+^jmax^ X ^ 

{e + X(l] if I above color 

( + x(l)2 ) M^"^^ ^ M^"^" , ( 1 + Y) if I below color 

where I' (resp. I") is the edge just below I (resp. just above I and that touches 
a colored vertex), put X(l'] = (resp. X(l"] = 0) if this quantity is not defined, 
5|// = 1 if I" is just above 1 and that touches a colored vertex, otherwise and Y 
is the product of the labels over the linear subtree Tv from a colored vertex v to 
the root. 
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.0^ _ ye'^l 



First, remark that x(X") = 
X is well defined: It is straightforward to see that x(X) is again balanced, 
with the product of the labels from a colored vertex to the root being equal to 
1+Y. 

Now suppose x(X) ^ VVq, then x(X]It must lie in Xj' (T) for some T < 
Tmax_ gij^^,g X^%'^''(T"^'^'') c X^^('f)^''(T"^^'^] whenever T^^^ < T^^\ we can as- 
sume that |T| = 1 . This implies that on the only edge I e E(T), we must have 



x(X)|t(1) = 



{x(X)(l) < e if I above color 

X(X)(1) • ni'X(X)(l') • ni"X(X)(l") < e^^ = e if I below color 



where the products are over the edges I' below I and I" above I but below the 
colorings. In the first case, this amounts to e + X(l) < e while in the second 
case, it means e(l + Y) < e. Both are contradictions since X(l] e M+, Y e M+. 

X is injective: x(Xi ) = xi^i) directly implies that Xi (I) = X2(l) if I touches 
the root edge and Xi (I') = X2(l') implies Xi (I) = X2(l) when I is just above I'. 
Therefore, Xi = X2. 

It is not hard to see that the labelings on T^"^" having values exactly on T 

(corresponding to K£,i,,>t) correspond under x to xf^^ (T"^'"') fl Vtq = Xf (T"^'^") fj Viq: 
Let X e X*+ (1"^'^'') that is over T and nonzero over T^'^^'XT, 

• then an edge I e E(T) above the colorings gets label e so X|t(1) = e, 
otherwise 

• an edge I G E(T) just above I' G E(T) gets label e. Therefore, X|t(1) = e. 



an edge I G E(T) not directly under an edge having a colored vertex. 



M, 



and just above l^' G E(T"^'^''\T) gets label e'^^ ^ f ^ / while l{ just 



e 'i+X(i;] 



above G E(T"^^''\T) gets label (e ^ +X(i;)^) and so on 

until we reach Ij G E(T"^'^''\T) just above an edge of T, so it gets label 
e'^S' +X(i;)2. Therefore, X|t(1) = e^^ 

an edge I G E(T] directly under a contracted edge I" having a colored 
vertex, and just above Ij G E(T"^'^''\T) gets label e^^ ^qfe^' 

while 1^ just above G E(T"^'^''\T) gets label (e '1 + f) ^ ^ 



e ^2+x(l^)2 

and so on until we reach l| G E(T"^'^''\T) just above an edge of T, so it 

gets label e'^S' +X{l!]^. Furthermore, I" gets label e'^i" +X(l")^. There- 
fore, X|T(l) = eN^. 

□ 

4) Building the Vj cell. Given T < T^'^'', let UT^^^ = T^'^'^XT be the de- 

i 

composition into connected maximal subtrees. Define V (t) C X'*+(T'^^) as in 

'0 

step 3, so it is made of labelings X'^^ over every component subtree T^^^ of 
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jmax^-]- ^^^qYi that X^^^ does not restrict to a [0, e] -labeling on any of the sub- 
trees of T'^^. Lemma [6.0.61 shows that near K^d) ^[i] the x^^^ maps will re- 
tract the K (.) (i) onto Vji. Consequently, near K^^i^jmax, Ylx^^^ retracts the 

K£,k,>T = n^»(i) v(i) ->t'^' comer onto H^t'^' • proof of |B.0.6l the label- 

ings X with value on T and restricting to e-labelings over some subtrees of 
the X^^' constitute a boundary stratum of n^x'^' • 

Combining the above labels with labels over T, H^t'^' ^ ^'^^ naturally 

sits in X*+ (T"^'^'') and we can therefore define Vj = [UKd) x (T) ) fl xf (T^'^"). 

Through the restriction map associated with T, Vj is seen to be isomorphic to 

nV (ii X X^'^''^ (T). Therefore, Vj is isomorphic to a neighborhood of t^"" x 
i 'o 

X[0'i]minKf,k,>TxX[0'i]m. 
5) Attaching the Vj cells. 

As seen above, for every T< T' < T^"'", let T'\T = UT*^^\T'f^', then from 

i 

step 4, 

(n^^T(t)\T'(^) ^T^'^ ) n ) X (T)) nxf '^^^ (t--) 

i 

is a boundary stratum of Vj. It coincides with the boundary stratum 

(HV^,,, X X«+ (T')) nxff kT-'^'') n^TmxT'm ^tW) 

i 

of Vj, = [YW'(i) X X«+(TO)nXjfkT^'''')- More simply, those are labelings 

[0, e] -reducing on T such that in the complement of T, they reduce to e-labelings 
exactly on T'\T. It is not hard to see that those correspond under the x maps 
to the same identifications as in the definition of col(K£ i^]. 

□ 

Now that we can set piecewise smooth identifications between [Cif^)^^^^^ 
and Kf in disjoints neighborhoods of the maximal corner, we need to extend 
these globally. This is again possible using the ^\)J charts from a neighborhood 
of K£,k,T X {0} = K{,k,T X X0(T) in Kf,„j x (T) to a neighborhood a^(Kc,„j) of 
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